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The quantum Yang-Baxter equation - QYBE

Let R: V®V — V® YV be a linear operator, where V is a

vector space.
The QYBE is the equality R®?R13R?3 = RZRBR? of linear

transformations on V ® V ® V, where RY means R acting on
the i—th and j—th components.
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transformations on V ® V ® V, where RY means R acting on
the i—th and j—th components.
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A set-theoretical solution (X, r) of the QYBE [Drinfeld]
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transformations on V ® V ® V, where RY means R acting on
the i—th and j—th components.

QYBE

A set-theoretical solution (X, r) of the QYBE [Drinfeld]

m V is a vector space spanned by a set X.
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LSRN (et R:V®V — V® V be a linear operator, where V is a

group F

Fabienne vector space.
Chouraqui The QYBE is the equality R12 R13R23 — R23R13R12 of linear

transformations on V ® V ® V, where RY means R acting on
the i—th and j—th components.

QYBE

A set-theoretical solution (X, r) of the QYBE [Drinfeld]

m V is a vector space spanned by a set X.

m R is the linear operator induced by a mapping
r: X x X = X x X, that satisfies r12r23712 — y23,12,23
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Properties of a solution (X, r)
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cquation and RS G0 {x1,...,xn} and let r be defined in the following way:
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group F r(i,j) = (oi(j), (i), where oj,v; : X = X.
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Proposition [Etingof, Schedler, Soloviev - 1999]
QYBE

m (X, r) is non-degenerate < o; and ~; are bijective,
1<i<n.
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m (X, r) is non-degenerate < o; and ~; are bijective,
1<i<n.

m (X, r) is involutive < r? = Idy:.
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Proposition [P.Etingof, T.Schedler, A.Soloviev - 1999]
QYBE

m (X, r) is non-degenerate < o; and ~; are bijective,
1<i<n.

m (X, r) is involutive < r? = Idy:.
m (X, r) is braided & r12r23,12 = f23,12,23
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Properties of a solution (X, r)

The
Yang-Baxter . . .
cquation and RS G0 {x1,...,xn} and let r be defined in the following way:

Thompson’s

—— r(i,j) = (oi(j), (i), where oj,v; : X = X.
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Proposition [P.Etingof, T.Schedler, A.Soloviev - 1999]
QYBE

m (X, r) is non-degenerate < o; and ~; are bijective,
1<i<n.

m (X, r) is involutive < o,,j)7;(i) = i and %j(;)Ui(j) =/,
1<ij<n.

[ ] (X, r) is braided < Ti0j = Og;(j)0~;(i) and
Wi = V() Vi) _ N
and Yo, () Til) = Oy o) Wl). 1 < sy ke < .
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The QYBE group: the structure group of (X, S5)
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group F Assumption: The pair (X, r) is non-degenerate, involutive and
Fabienne braided. It is called a non-degenerate, involutive set-solution.
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The structure group G of (X, r) [Etingof, Schedler, Soloviev]

QYBE

m The generators: X = {x1,x2, .., Xp}.
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The structure group G of (X, r) [Etingof, Schedler, Soloviev]

QYBE
m The generators: X = {x1,x2, .., Xp}.

m The defining relations: x;x; = x,x; whenever

S(,J) = (k1)
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The QYBE group: the structure group of (X, S5)

The
Yang-Baxter
equation and
Thompson’s

group F Assumption: The pair (X, r) is non-degenerate, involutive and
Fabienne braided. It is called a non-degenerate, involutive set-solution.

Chouraqui

The structure group G of (X, r) [Etingof, Schedler, Soloviev]

QYBE
m The generators: X = {x1,x2, .., Xp}.

m The defining relations: x;x; = x,x; whenever

S(,J) = (k1)

There are exactly w defining relations.
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Example

Let X = {xo, x1, X2, X3}

The solution is indecomposable with defining relations:

X1X1 = Xo0Xpo X1Xp0 = X3X2
X0X3 = XoX1 X1X2 = XpX1 (2)
X2X3 = X3X0 Xg = XpX2
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Let X = {xo, x1, X2, X3}

Thompson’s
- o= (0)(1)23) o1 =(1,2,0,3) 1)
2 =(2)@)01) 03=(1302)

QYBE

The solution is indecomposable with defining relations:

X1X1 = X2Xo X1X0 = X3X2
X0X3 = XoX1 X1Xo = XoX1 (2)
X2X3 = X3X0 Xg = XpX2

2

The center of G is generated by A = (xox1)? = (x2x3)
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Definition and properties of inverse monoids

The o ono 5 . . .
Ty Definition of an inverse semigroup and an inverse monoid
equation an:

R m A regular semigroup is a semigroup S such that for every
chgfﬁ-ZZﬁi element s € S there exists at least one element s* € S
such that ss*s = s and s*ss* = s*.
QNEE s* is called an inverse of s.
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Definition and properties of inverse monoids

The o ono 5 . . .
Ty Definition of an inverse semigroup and an inverse monoid
equation an:

Thompson’s ) i )
group F m A regular semigroup is a semigroup S such that for every
Labienne, element s € S there exists at least one element s* € S
houraqui
such that ss*s = s and s*ss* = s*.
QNEE s* is called an inverse of s.
Inverse 5 o o .
monoids m An inverse semigroup is a regular semigroup such that
Partial every element in S has a unique inverse.

solutions

1st Results m An inverse monoid M is an inverse semigroup with
Thomson mu|t|p|lcatlve |dent|ty ].

group F

2nd Results
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2nd Results

Definition and properties of inverse monoids

Definition of an inverse semigroup and an inverse monoid

m A regular semigroup is a semigroup S such that for every
element s € S there exists at least one element s* € S
such that ss*s = s and s*ss* = s*.

s* is called an inverse of s.

m An inverse semigroup is a regular semigroup such that
every element in S has a unique inverse.
m An inverse monoid M is an inverse semigroup with
multiplicative identity 1.
An inverse semigroup is a regular semigroup in which all the
idempotents commute: the set E(S) of idempotents of an

inverse semigroup S is a commutative subsemigroup.
E(S) is ordered by e < f iff ef = e = fe.

Fabienne Chouraqui The Yang-Baxter equation and Thompson’s group F



Commutative inverse monoids

Yang. Baxter Some definitions (X a set)
equation and
Thompson’s o E . .
group F m A partial function of X is a function f between two
Fabienne (non-necessarily proper) subsets of X, the domain and the
chosmad range of f are denoted by D¢, and Ry respectively.

Inverse
monoids

Fabienne Chouraqui The Yang-Baxter equation and Thompson'’s group F
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Yang. Baxter Some definitions (X a set)
equation and
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group F m A partial function of X is a function f between two
Fabienne (non-necessarily proper) subsets of X, the domain and the
chosmad range of f are denoted by D¢, and Ry respectively.

m A partial bijection of X is a bijection f : D — Rr.

Inverse
monoids
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Commutative inverse monoids

Yang. Baxter Some definitions (X a set)
equation and
Thompson’s o E . .

group F m A partial function of X is a function f between two

Fabienne (non-necessarily proper) subsets of X, the domain and the
chosmad range of f are denoted by Dy, and Ry respectively.

m A partial bijection of X is a bijection f : D — Rr.

Inverse .
monoids m If f # Id, Ds is allowed to be the empty set.
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Commutative inverse monoids
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equation and

Some definitions (X a set)

T?&‘:’s?,s m A partial function of X is a function f between two
Fabienne (non-necessarily proper) subsets of X, the domain and the
chesmad range of f are denoted by Dy, and Ry respectively.

QYEE m A partial bijection of X is a bijection f : Df — Ry.

el m If f # Id, Ds is allowed to be the empty set.

Partial
solutions

In a commutative inverse monoid A generated by a set X:

1st Results

Lo m Every element is in corr. with a partial function with finite

group F

2nd Results support f : X — 7Z, x; — m;.
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equation and

T?&‘:’s?,s m A partial function of X is a function f between two
Fabienne (non-necessarily proper) subsets of X, the domain and the
chesmad range of f are denoted by Dy, and Ry respectively.

QYEE m A partial bijection of X is a bijection f : Df — Ry.

el m If f # Id, Ds is allowed to be the empty set.

Partial
solutions

In a commutative inverse monoid A generated by a set X:

1st Results

Lo m Every element is in corr. with a partial function with finite

group F

2nd Results support f : X — 7Z, x; — m;.

m The operation in A is defined pointwise, with
(f + g)(x) = f(x) + g(x), where D¢, = Df N Dy.
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Commutative inverse monoids

Yan;g‘;m, Some definitions (X a set)

equation and

Thompson’s o o E o
g F m A partial function of X is a function f between two
Fabienne (non-necessarily proper) subsets of X, the domain and the
chesmad range of f are denoted by Dy, and Ry respectively.

QYEE m A partial bijection of X is a bijection f : Df — Ry.

Inverse .

monoids m If f # Id, Ds is allowed to be the empty set.

Partial
solutions

In a commutative inverse monoid A generated by a set X:

1st Results

e m Every element is in corr. with a partial function with finite
2nd Results support f : X — 7Z, x; — m;.
m The operation in A is defined pointwise, with
(f + g)(x) = f(x) + g(x), where D¢, = Df N Dy.
m The identity is Ox, the zero function on X.
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Symmetric inverse monoids
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Symmetric inverse monoids
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S1ouP In a symmetric inverse monoid lx, X a set :
Fabienne
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m Every element is a partial bijection of X.

m The operation is composition of functions o:
el If f,g € lx, then f o g is the composition of partial maps
in the largest domain where it makes sense, that is
Dfog = g_l(Df N Rg), and Rfog = f(Df N 'Rg).
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S1ouP In a symmetric inverse monoid lx, X a set :
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m Every element is a partial bijection of X.

m The operation is composition of functions o:
el If f,g € lx, then f o g is the composition of partial maps
in the largest domain where it makes sense, that is
Dfog = g_l(Df N Rg), and Rfog = f(Df N 'Rg).

m There is a zero element: the vacuous map () — 0.
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Symmetric inverse monoids
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equation and

Thompson’s
F o o =
S1ouP In a symmetric inverse monoid lx, X a set :

Fabienne
m Every element is a partial bijection of X.

Chouraqui

m The operation is composition of functions o:
el If f,g € lx, then f o g is the composition of partial maps
in the largest domain where it makes sense, that is
Dfog = g_l(Df N Rg), and Rfog = f(Df N 'Rg).
m There is a zero element: the vacuous map () — 0.
m The idempotents of /x are the partial identities on X.
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Operations on inverse monoids

Let S be a semigroup, M be a monoid

M is said to act on S (on the left) (by endomorphisms) if there
exists a map M x S — S, denoted by (a,s) — a e s satisfying
the following conditions:

m foranya,be M,sc S, (ab)es=ae(bes).
mforanyae M,s,s"€S,ae(ss')=(aes)(aes).

m foreveryse S, les=s.
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2nd Results

Operations on inverse monoids

Let S be a semigroup, M be a monoid

M is said to act on S (on the left) (by endomorphisms) if there
exists a map M x S — S, denoted by (a,s) — a e s satisfying
the following conditions:

m foranya,be M,sc S, (ab)es=ae(bes).
mforanyae M,s,s"€S,ae(ss')=(aes)(aes).

m foreveryse S, les=s.
If S is a semigroup with zero 0, the additional following

property is required:
m foranyae M, ae0=0.
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2nd Results

Operations on inverse monoids

Let S be a semigroup, M be a monoid

M is said to act on S (on the left) (by endomorphisms) if there
exists a map M x S — S, denoted by (a,s) — a e s satisfying
the following conditions:
m foranya,be M,sc S, (ab)es=ae(bes).
mforanyae M,s,s"€S,ae(ss')=(aes)(aes).
m foreveryse S, les=s.
If S is a semigroup with zero 0, the additional following
property is required:
m foranyae M, ae0=0.

Let M act on S (on the left) (by endomorphisms)
The semidirect product S x M is not an inverse semigroup!!!
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The restricted product of inverse semigroups

Let M, S be inverse semigroups. Let E(M) denote the set of
idempotents of M (ordered by e < f if and only if
ef = e = fe). Assume the following assumptions:

m M acts on S by endomorphisms.

m There exists a surjective homomorphism ¢ : S — E(M).

m For each s € S, there exists ¢(s) € E(M) such that
€(s) < e<=ees=s5,Vec E(M)

Let S X M be the following set with the binary operation
defined below:

SxM={(s,m)e Sx M| r(m)=e(s)}

(s,m)(s’,m') = (s(mes’), mm)

S x M is an inverse semigroup.
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Define r : D — R, by r(x,y) = (ox(¥),vy(x)), where

0x : Dg, = Roys vy : Dy, = Ry, Doy, Roy, Dy, Ry, © X
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Definition and properties of a partial solution

Let X # () be a set. Let D, R C X x X.
Define r : D — R, by r(x,y) = (ox(¥),vy(x)), where

0x : Dg, = Roys vy : Dy, = Ry, Doy, Roy, Dy, Ry, © X

m (x,y) € Dif and only if y € D,, and x € D,,.
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Definition and properties of a partial solution

Let X # () be a set. Let D, R C X x X.
Define r : D — R, by r(x,y) = (ox(¥),vy(x)), where

0x : Dg, = Roys vy : Dy, = Ry, Doy, Roy, Dy, Ry, © X

m (x,y) € Dif and only if y € D,, and x € D,,.

m (X, r) is non-degenerate, if Vx,y € X, o and v, are
bijective (i.e. ox and 7y, are partial bijections of X).
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Definition and properties of a partial solution

L Let X # () be a set. Let D, R C X x X.
Thompions [l Define r : D — R, by r(x,y) = (ox(¥),vy(x)), where

group F

. 0x : Dy, = Roys Yy : Dy, = Ry,i Doy, Roy, Dy, Ry, C X
Chouraqui

m (x,y) € Dif and only if y € D,, and x € D,,.

?Y?E‘ m (X, r) is non-degenerate, if Vx,y € X, o and v, are
monoids bijective (i.e. ox and 7y, are partial bijections of X).
e m (X, r) is involutive if for all pairs (x,y) € X2, x € D,, if
1st Results and only if y € D, _, and additionally if r(x,y) is defined,
Thomson then r?(x, y) is also defined and satisfies r> = Id.

group F

2nd Results
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Definition and properties of a partial solution

The Let X # () be a set. Let D, R C X x X.
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Define r : D — R, by r(x,y) = (ox(¥),vy(x)), where

0x : Dg, = Roys vy : Dy, = Ry, Doy, Roy, Dy, Ry, © X
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m (x,y) € Dif and only if y € D,, and x € D,,.

?Y?E‘ m (X, r) is non-degenerate, if Vx,y € X, o and v, are
monoids bijective (i.e. ox and 7y, are partial bijections of X).

Partal m (X, r) is involutive if for all pairs (x,y) € X2, x € D,, if
1st Results and only if y € D, _, and additionally if r(x,y) is defined,
Thomson then r?(x, y) is also defined and satisfies r> = Id.

group F

m (X, r) is braided if r'?r>3r'2(x,y, z) = r?3r12r23(x, y, 2),
Vx,y,z € X such that both are defined.

2nd Results
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m (x,y) € Dif and only if y € D,, and x € D,,.

QYBE a .
e m (X, r) is non-degenerate, if Vx,y € X, o and v, are

monoids bijective (i.e. ox and 7y, are partial bijections of X).
ot m (X, r) is involutive if for all pairs (x,y) € X2, x € D, if

solutions
1st Results and only if y € D, _, and additionally if r(x,y) is defined,
Thomson then r?(x, y) is also defined and satisfies r> = Id.
group F
I m (X, r) is braided if r'?r>3r'2(x,y, z) = r?3r12r23(x, y, 2),
Vx,y,z € X such that both are defined.
m (X, r) is square-free, if Vx € X, (x,x) € D and
r(x,x) = (x, x).

2nd Results
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An example of square-free partial solution

If (X, r) is braided, we call (X, r) a partial set-theoretic
solution. If (X, r) is a non-degenerate, involutive partial
set-theoretic solution, we call it a partial solution.
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An example of square-free partial solution

If (X, r) is braided, we call (X, r) a partial set-theoretic
solution. If (X, r) is a non-degenerate, involutive partial
set-theoretic solution, we call it a partial solution.

An example of square-free partial solution, X = {xp, x1,x2}

D =R ={(x0,x2), (x1,%2), (x2, X0), (x2, x1), (X7, %), Vi }.
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Partial
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An example of square-free partial solution

If (X, r) is braided, we call (X, r) a partial set-theoretic
solution. If (X, r) is a non-degenerate, involutive partial
set-theoretic solution, we call it a partial solution.

An example of square-free partial solution, X = {xp, x1,x2}

D=R= {(X()v X2)7 (Xla X2)7 (X27X0)a (X27X1)7 (X;,X;),Vi}.
Doy = Dy, ={0,2} o0 =0 = (0)(2)
Doy, =Dy, ={1,2} o1 == (1)(2)
Dy, = D’Yz = {0’ 172} 02 =72 — (07 1)(2)
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kel |f (X, r) is braided, we call (X, r) a partial set-theoretic

Thompson’s

group £ solution. If (X, r) is a non-degenerate, involutive partial
hebisnas set-theoretic solution, we call it a partial solution.

Chouraqui

An example of square-free partial solution, X = {xp, x1,x2}

D=R= {(X()v X2)7 (Xla X2)7 (X27X0)a (X27X1)7 (X;,X;),Vi}.
Partial Dcro = D’yo = {07 2} 00 =7 = (0)(2)
solutions
Do, =Dy ={1,2} o1 =7 = (1)(2)

D02 = D’Yz = {0’ L 2} 02 =72 = (07 1)(2)
(X, r) is a square-free partial solution, with:

r(X07X2) — (X27X1) r(X27X1) — (X07X2)

r(xi, x2) = (x2,x0)  r(xe,x0) = (x1,x2)
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Let (X, r) be a partial set-theoretic solution.

Chouraa m The structure group of (X, r) is
G(X,r) = Gp(X | xy = ox(y)w(x) i (x.y) €D).

Partial
solutions
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group F

Let (X, r) be a partial set-theoretic solution.

Chouraa m The structure group of (X, r) is
G(X,r) = Gp(X | xy = ox(y)1y(x) ; (x,¥) €D).
m The structure inverse monoid of (X, r) is
IM(X, r) = Inv(X | xy =ox(y)1(x); (x,y) € D).

Partial
solutions
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2nd Results

The structure inverse monoid of a partial solution

Let (X, r) be a partial set-theoretic solution.

m The structure group of (X, r) is

G(X,r) =Gp(X | xy = ox(y)1y(x) ; (x,y) € D).
m The structure inverse monoid of (X, r) is

IM(X, r) = Inv(X | xy =ox(y)v(x); (x,y) € D).

The structure group of a trivial partial solution is a partially

commutative group (or a right-angled Artin group)

A partial solution (X, r) is trivial if for every x € X,
Ox = IdDaX' Ix = IdD'YX'
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Properties of square-free partial solutions 1

The
Yang-Baxter
equation and

Let (X, r) be a partial set-theoretic solution.

il |x: the symmetric inverse monoid.

PN A: the commutative inverse monoid (partial f : X — Z, finite
Chouraqui Support).

QYBE
Inverse Let 7 €lx and f € A, f : X — Z a partial function

monoids
Partial Ix acts (totally) on A by endomorphisms: 7 f = f o7 1

solutions

1st Results T

X

X

Thomson
group F

2nd Results f
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g F The following map is a homomorphism of monoids:

Let x € X, g,h € IM(X,r), f € A:

Fabienne

Chouraqui (02 IM(X, r) — IX X = Ox

QYBE

Inverse
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Let x € X, g,h € IM(X,r), f € A:

Fabienne

Chouraqui (02 IM(X, r) — IX X = Ox

QYBE

Inverse

monods There is an action of IM(X, r) on itself by endomorphisms:

Partial
solutions

1st Results g S XJ = Xog(j)
Thomson ° h — ® X;: X; = X 5 X o
group F g - g e Ug(ﬂ).“ Ug(Jk)
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g F The following map is a homomorphism of monoids:

Let x € X, g,h € IM(X,r), f € A:

Fabienne

Chouraqui (02 IM(X, r) — IX X = Ox

QYBE

Inverse

monods There is an action of IM(X, r) on itself by endomorphisms:

Partial
solutions

1st Results g S XJ = Xog(j)
Thomson ° h — ® X;: X; = X 5 X o
group F g - g e Ug(ﬂ).“ Ug(Jk)

2nd Results

There is an action of IM(X, r) on A by endomorphisms:

gef=c,ef=Ffoo;!
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Characterization of square-free partial solutions

Theorem 1 [F.C]

m:IM(X,r) — A
Xj — (5,’
m(gh) = 7(g) + g e m(h)

is an injective map.
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1st Results

Characterization of square-free partial solutions

Theorem 1 [F.C]

7 IM(X,r) = A
Xj — (5,’
(gh) = 7(g) + g e m(h)
is an injective map.

The map 0x : D5, — Z, with D5, = R, C X is defined by:

1 y=x
6X(y)_{ 0 yeRs, y#x
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1st Results

Characterization of square-free partial solutions

Theorem 1 [F.C]

7 IM(X,r) = A
Xj — 0;
(gh) = 7(g) + g e m(h)
is an injective map.
The map 0x : D5, — Z, with D5, = R, C X is defined by:
) = { é iz;;a y #x

Furthermore, dx(y) is not defined for y € X \ R,,.
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1st Results

Characterization of square-free partial solutions

Theorem 2 [F.C] The restricted product A x lx is defined by:

A X |X:{(f,7')€AX|X|RT:Df}
(f,7)(f',v) = (f+ (T of), Tv)
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1st Results

Characterization of square-free partial solutions

Theorem 2 [F.C] The restricted product A x lx is defined by:

A X |X:{(f,7')€A><|X|RT:Df}
(f,7)(f',v) = (f+ (T of), Tv)

Theorem 3 [F.C]

Let (X, r) be a square-free partial solution, with IM(X, r).

¢ IM(X,r) = A lx
P(x) = (x,0x); ¥(g) = (7(g), o)
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1st Results

Characterization of square-free partial solutions

Theorem 2 [F.C] The restricted product A x lx is defined by:

A X |X:{(f,7')€A><|X|RT:Df}
(f,7)(f',v) = (f+ (T of), Tv)

Theorem 3 [F.C]

Let (X, r) be a square-free partial solution, with IM(X, r).

¢ IM(X,r) = A lx
P(x) = (x,0x); ¥(g) = (7(g), o)

is an injective homomorphism of monoids.
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1st Results

Characterization of square-free partial solutions

Theorem 2 [F.C] The restricted product A x lx is defined by:

A X |X:{(f,7')€A><|X|RT:Df}
(f,7)(f',v) = (f+ (T of), Tv)

Theorem 3 [F.C]

Let (X, r) be a square-free partial solution, with IM(X, r).

¢ IM(X,r) = A lx
P(x) = (x,0x); ¥(g) = (7(g), o)

is an injective homomorphism of monoids.
Furthermore, Im(%)) is an inverse monoid.
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Dyadic subdivisions

i

0 1/8 1/4

1/2 5/8 3/4

1

1

Any subdivision of the interval [0,1] obtained by repeatedly
cutting intervals in half is called a dyadic subdivision.

Fabienne Chouraqui
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i

0

1/2

1

1

Any subdivision of the interval [0,1] obtained by repeatedly
cutting intervals in half is called a dyadic subdivision.

To each dyadic interval there corresponds a binary tree:

PR

[o1]

ER)
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Dyadic subdivisions

i 1

0 1/4 1/2 3/4 1

Any subdivision of the interval [0,1] obtained by repeatedly
cutting intervals in half is called a dyadic subdivision.

To each dyadic interval there corresponds a binary tree:

0.1] .
[O,é]/ \[;,1] / \
T R AN
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i T T T T T 1

0 1/8 1/4 1/2 5/8 3/4 1

Any subdivision of the interval [0,1] obtained by repeatedly
cutting intervals in half is called a dyadic subdivision.

To each dyadic interval there corresponds a binary tree

[01]

N PN

03] 31

ANVANEERVANERVAN

[0.3] i3 (3.1

AV A VRN

LF [543 2
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Dyadic subdivisions

i T T T T T 1

0 1/8 1/4 1/2 5/8 3/4 1

Any subdivision of the interval [0,1] obtained by repeatedly
cutting intervals in half is called a dyadic subdivision.

To each dyadic interval there corresponds a binary tree

[01]

N PN

03] 31

ANVANEERVANERVAN

[0.3] i3 (3.1

AV A VRN

LF [543 2
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Introduction to Thomson group F (1)

Given D, R, with the same number of cuts, a dyadic
rearrangement of [0, 1] is a picewise-linear f : [0,1] — [0, 1]
that sends each interval of D linearly onto the corresponding
interval of R. The set of all dyadic rearrangements forms a
group under composition: the Thompson group F.
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Introduction to Thomson group F (1)

Given D, R, with the same number of cuts, a dyadic
rearrangement of [0, 1] is a picewise-linear f : [0,1] — [0, 1]
that sends each interval of D linearly onto the corresponding
interval of R. The set of all dyadic rearrangements forms a
group under composition: the Thompson group F.

Dyadic rearrangements for xp at left and x; at right

1+

30
4

10
2

Bl=

NI

Fabienne Chouraqui

1.
17
8

3
4
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Introduction to Thomson group F (2)

1,

Bl

NI=
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1,

Bl

NI=
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Introduction to Thomson group F 3

The dyadic rearrangement and tree diagram for x;

N[ -

oolun -+

ENIOES
—
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The dyadic rearrangement and tree diagram for x;

N[ -

oolun -+

ENIOES
—
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Introduction to Thomson group F 3

The dyadic rearrangement and tree diagram for x;

N[ -

oolun -+

ENIOES
—
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Several presentations of Thompson group F

The elements xp and x; generate Thompson's group F with:
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Several presentations of Thompson group F

equation and
Thompson’s
group F

The elements xp and x; generate Thompson's group F with:

(x0, X1 | Xox1 = x1X3, X3X1 = X1Xa), Where xp = xoxlxo_1

and x3 = nglxo_z, X4 = xg’xlxo_?’.
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Several presentations of Thompson group F

equation and
Thompson’s
group F

The elements xp and x; generate Thompson's group F with:

(x0, X1 | Xox1 = x1X3, X3X1 = X1Xa), Where xp = xoxlxo_1
and x3 = nglxo_z, X4 = xg’xlxo_?’.

(x0, X1 | XoX0 = X0X3, X3X0 = XoXa), Where xp = Xo_lxlxo
and more generally x,+1 = xn__llxnxn_l, 2<n<4
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Several presentations of Thompson group F

The elements xp and x; generate Thompson's group F with:

(x0, X1 | Xox1 = x1X3, X3X1 = X1Xa), Where xp = xoxlxo_1

and x3 = nglxo_z, X4 = Xg’xlxo_ .

3

(x0, X1 | XoX0 = X0X3, X3X0 = XoXa), Where xp = X(;1X1X0
and more generally x,+1 = Xn_flx,,x,,_l, 2<n<4,

An infinite presentation of Thompson group F

(X0, X1, X2, v | XnXk = XkXnt1, k < n)

=l
Xn :XOXn—lxo = Xp

Fabienne Chouraqui

_ —(n—1
n 1X1X0 (n )
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F as the structure group of a partial solution (1)

Th . e . .
Yang Baxter Definition of a partial solution

equation and

Thompson’s Let X = {xo, x1,x2,...}. Let 0, : X — X and 7, : X — X be

group F

the following partial functions.

Fabienne
Chouraqui

2nd Results

Fabienne Chouraqui The Yang-Baxter equation and Thompson'’s group F



The
Yang-Baxter
equation and
Thompson’s

group F

Fabienne
Chouraqui

QYBE

Inverse
monoids

Partial
solutions

1st Results

Thomson
group F

2nd Results

F as the structure group of a partial solution (1)

Definition of a partial solution

Let X = {xp, x1,X2,...}. Let o, : X = X and 7, : X — X be
the following partial functions.

k k<n
on(k) =< not defined k=n+1
k—1 k>n+2
k k<n-—2
not defined k=n-1
n(k) = n k=n
k+1 k>n+1
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2nd Results

F as the structure group of a partial solution (1)

Definition of a partial solution

Let X = {xp, x1,X2,...}. Let o, : X = X and 7, : X — X be
the following partial functions.

k k<n
on(k) =< not defined k=n+1
k—1 k>n+2
k k<n-—2
not defined k=n-1
n(k) = n k=n
k+1 k>n+1

Do'n =X \ {Xn+1} 7Q’O'n =X
Dy, = X\ {xn-1} Ry = X\ {Xn-1, Xn41}
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F as the structure group of a partial solution F (2)

The
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equation and L. . . .
Alimpzanf Definition of a partial solution F
group

Fabienne Let define the following partial function:

Chouraqui

r: XxX—=XxX
r(xi, xj) = (Xa,-(j) ) Xw(f))

(3)

2nd Results
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F as the structure group of a partial solution F (2)

The
Yang-Baxter

equation and L. . . .
Alimpzanf Definition of a partial solution F
group

Fabienne Let define the following partial function:

Chouraqui

r: XxX—=XxX
r(xi, xj) = (Xa,-(j) ) Xw(f))

(3)

Let D C X x X and R C X x X be the domain and range of r.

2nd Results
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F as the structure group of a partial solution F (2)

Definition of a partial solution F

Let define the following partial function:

r:XxX—-XxX (3)
r(xi, x;) = (Xa,-(j) ) Xw(i))

Let D C X x X and R C X x X be the domain and range of r.

Lemma

(X, r) is a square-free, non-degenerate, involutive partial
set-theoretic solution, denoted by F.
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, Theorem [F.C]
Fabienne

Chouraqui

Let r : D — R and F as defined above. Then

2nd Results
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F as the structure group of a partial solution F (3)

The
Yang-Baxter
equation and
Thompson’s

group F
, Theorem [F.C]
Fabienne

Chouraqui

Let r : D — R and F as defined above. Then

G(X,r), the structure group of F, is isomorphic to the
Thompson group F.

2nd Results
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F as the structure group of a partial solution F (3)

The
Yang-Baxter
equation and
Thompson’s

group F
, Theorem [F.C]
Fabienne

Chouraqui

Let r : D — R and F as defined above. Then

G(X,r), the structure group of F, is isomorphic to the
Thompson group F.

IM(X, r), the structure inverse monoid of F, embeds into
the inverse monoid A X |x, where A is the commutative
inverse monoid {f : Df — Z | Dy C X}, with pointwise

operation, and lx is the inverse symmetric monoid.
2nd Results
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Some remarks to conclude

Yan;geaxter m G(X,r), with X finite, is a Garside group. Garside groups
Thompson's are torsion-free and biautomatic. F is also torsion-free,
group £ but it is not known wether it is automatic.
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2nd Results

Some remarks to conclude

m G(X,r), with X finite, is a Garside group. Garside groups
are torsion-free and biautomatic. F is also torsion-free,
but it is not known wether it is automatic.

m G(X,r), with X finite, is solvable. F’ is simple, so
F" = F', and F is not nilpotent, nor solvable.
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2nd Results

Some remarks to conclude

m G(X,r), with X finite, is a Garside group. Garside groups
are torsion-free and biautomatic. F is also torsion-free,
but it is not known wether it is automatic.

m G(X,r), with X finite, is solvable. F’ is simple, so
F" = F', and F is not nilpotent, nor solvable.

m The centre of the structure group of an indecomposable
solution (X, r), with X finite, is cyclic. Z(F) = {1}.
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2nd Results

Some remarks to conclude

m G(X,r), with X finite, is a Garside group. Garside groups
are torsion-free and biautomatic. F is also torsion-free,
but it is not known wether it is automatic.

m G(X,r), with X finite, is solvable. F’ is simple, so
F" = F', and F is not nilpotent, nor solvable.

m The centre of the structure group of an indecomposable
solution (X, r), with X finite, is cyclic. Z(F) = {1}.

m G(X,r), with X finite, is a Bieberbach group, As far as we
know, there is no result of this kind for F.
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e m G(X,r), with X finite, is solvable. F’ is simple, so
F" = F', and F is not nilpotent, nor solvable.

m The centre of the structure group of an indecomposable
solution (X, r), with X finite, is cyclic. Z(F) = {1}.

m G(X,r), with X finite, is a Bieberbach group, As far as we
know, there is no result of this kind for F.

m The quotient group F/F’ is isomorphic to Z2, and so any

2nd Results proper quotient of F is abelian. This is not necessarily the
case for the structure group of a solution.

m What can be said about the other Thompson's groups
F,T,V,with FCTcCV?
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The end
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Thank you!
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