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KA Set-theoretic Yang—Baxter equation

v set S,
vV 0: §SX258%2

Yang-Baxter equation (YBE)

0,00500,=0,00,005: SX355%3
where 0, =0 XIds, 0-=Ids XoO.

Origins: Drinfel’d 1990.
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(S,0): braided set. (Reidemeister III)
=> Left non-degenerate: TY T
x—xY bijection for all y. ]
=
=+ Birack: o invertible and vz v

Left & right non-degenerate. .
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Structure (semi)group of (S,0): |(S)Gso={(S|zy="yz?)

methods
/\
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examples

Theorem: (S,0) a finite RI-compatible birack, c2=Id —
v SGs is of I-type, cancellative, Ore;
v Gs, is solvable, Garside;
v kSGs s is Koszul, noetherian, Cohen—Macaulay,
Artin—Schelter regular
(Manin, Gateva-Ivanova & Van den Bergh,
Etingof—Schedler—Soloviev, Jespers—Okninski, Chouraqui
80'-...).
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>3/ Self-distributive structures

Shelf: set S & SXS3S s.t. Yy TAY
T | J
= Oq= \/\
‘(mqy)qz:(qukl(yqz)‘ z v

is a braiding on S
Rack: & Vy, z—x <Yy bijective. & LND & birack

Quandle: & z<az=2. 2N (a;,a:)o»i(:r;,a;).
Applications:

= invariants of knots and knotted surfaces
(Joyce & Matveev 1982);

= study of Large cardinals
(Laver 1980s);

= Hopf algebra classification
(Andruskiewitsch—Grafa 2003).
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<& Monoids

For a monoid (S, *,1), 1 T*Y
the associativity of x L J
& o= X<
T Y
is an involutive braiding on S
S is a group = LND
SGSYO'*%S,

SXES g, T Tk KTk

Generalization: monoid factorization G=HK,
S=HUK, o(z,y)=(h,k), h€EH, kKEK, hk=zv,
52565'0/15:155'

Other examples:
v cycle sets, braces;
v Young tableaux;
v distributive Lattices.
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8/ Associated shelf

Fix an LND braided set (S, o).
Proposition (L.-V. 2015)' one has a shelf (S, <), where
(v-z)¥==1x<0vy
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g
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8/ Associated shelf

Fix an LND braided set (S, o).
Proposition (L.-V. 2015)' one has a shelf (S, <), where

(V- z)V=2T <0y

Y- m\Qy
g
Proof: (a <, b) 4, ¢ (a <5 b) <y c (@<, b) <5 ¢ =
(a <5 ¢) < (b<, c)
C
’ b<, ¢ b<, ¢
a <5 b <> c <> a <y ¢
b b c
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8/ Associated shelf

Fix an LND braided set (S, o).
Proposition (L.-V. 2015): one has a shelf (S, <s), where

Y-z =x<y

U'm\Q’U

g

| <o is a “shadow” of o

Proposition (L.-V. 2015):
= (5,<¢) is arack & o is invertible;
= (5,<¢) is a trivial (z<sy=x) & o02=Id,;
< TlT=T & Oo(z-z,T)=(T-x,T).
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Jm; gxn 2, gxm,

m ...m m
(a:ly"'ya:n)H(mlz ny"'ymnzlya:n)y
where 7" = (
\Jﬁ)
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~
-
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6 _Guitar map

JM sxm o X,

(T, ..., Tp)— (TP T Ty,
where 7T = (L (g L)
&Jﬂi)
~ ~
v .
- :
/// In(T)
T Tn

Proposition (L.-V. 2015): |Jo;=0,J|.

Ty gV Y<oZT T

- % s

z Y T Y



K6X_Guitar map

JM . sxm I X,

Lo "Tn

(T1,...,Tn)— (7 ,...,a:n_l,:nn
where x;
\Jlf
> »(@)
/ v
/ .
- :
/// In(T)
T, Tn

Proposition (L.-V. 2015): |Jo;=0,J|.

Corollary: o and o’ yield isomorphic Bn-actions on SX™.
Warning: In general, (S,0)2(S,0’) as braided sets!
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KA RI-compatibility

RI-compatible braiding: 3t: S— S s.t. o(t(z), z)=(t(x), x).

T:z: ‘93 T
t = — t1
(:c)qx . R ()

(Reidemeister I)

Example:

for a rack, it means z<z =z (here t(z)=1x).
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K8/ Structure group via associated shelf

Theorem (L.-V. 2015): (1) The guitar maps induce a
bijective 1-cocycle|J: SGso— SGs,o |, Where o' =0/

J(@Y)=J(Z)’J(Y)

m| U
(T1,...,Tn)¥Y= o
(3, ..., zn) X\\
T Yy
(2) If (S,0) is an RI-compatible birack, then the maps
K*™J™) induce a bijective 1-cocycle |Gs s — Gso/|, where

= J) s extended to (SLIS )%™ by Dyl

Y~
- K(z)=z, Kz *)=t(z)*. /\

Tx ' T3
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X9/ Associated shelf: examples

v For a rack (S, )
-3 <]U<1:<]1

Yy TAY YT x

= J: x RN x

Ty T Y

v For a group (S,*, 1)

= Td0, Y=Y,
r T

- J: 4
J: o % -
Y

- SGS,UL%Sr
L1 Tt T1.
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X9/ Associated shelf: examples

Cycle set: set S & SX S5 S s.t.

: isa LND
& VT, y— -y bijective. r on S

YT Y with o2=Id
Non-degenerate CS:

& birack
& xTw—x-x bijective.

(Etingof—Schedler—Soloviev 1999, Rump 2005)
Examples: z-y=f(y) for any f: S—S + glueing.

= T Y=2,

y x
= J: 0. flip x :

T Y
= (S)Gs - is the free abelian (semi)group on S.
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49/ Braided (co)homology

‘(co)homoLogy of (S,0) ‘<—>‘ (co)homology of SGs»

small complexes more tools
(Carter—Elhamdadi—Saito 2004)

v unifies group & rack (co)homologies, and many more;
v a new theory for cycle sets and braces (L.-V. 2015, 2016);
v/ graphical calculus;

v a lot of structure (cup product etc.; Farinati— Garcia-
Galofre 2016);

v for LND braidings, a simpler form via the guitar map
(L.-V. 2015);

v/ applications to the computation of group and Hochschild
(co)homology for factorizable groups and for Young
tableaux (L. 2016).
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