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A Laver table is...

Basic definitions

A shelf (= self-distributive structure)

is a set S with an operation > satisfying

la> (boc)=(avb)>(avc)]

Example: group G, f > g = fgf L.
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Basic definitions

A shelf (= self-distributive structure)
is a set S with an operation > satisfying
la> (boc)=(avb)>(avc)] (SD)

Example: group G, f > g = fgf L.
F1

is a free shelf generated by a single element ~.
Laver table A,

is the unique shelf ({ 1,2,3,...,2" }, >) satisfying
lapl=a+1 mod?2"| (Init)
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Theorem (Laver, '95): properties (SD) and (Init) uniquely define .
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A shelf (= self-distributive structure)
is a set S with an operation > satisfying
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Example: group G, f > g = fgf L.
F1

is a free shelf generated by a single element ~.
Laver table A,

is the unique shelf ({ 1,2,3,...,2" }, >) satisfying
‘ablza—l—l mod 2”‘

v =1 (yey)py=3
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A Laver table is...

Laver tables in Set Theory

Richard Laver
Set Theory

approximation
Laver tableg ) > (Free shelf F;
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A Laver table is...

Laver tables in Set Theory: details
“Super-infinite” sets

Finite <= every self-embedding is bijective.

Infinite <= admits a non-bijective self-embedding.

Example: N is infinite (n— n+ 1 is a non-bijective self-embedding),
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Laver tables in Set Theory: details
“Super-infinite” sets

Finite <= every self-embedding is bijective.
Infinite <= admits a non-bijective self-embedding.

Super-infinite <= admits a non-bijective elementary self-embedding.

Example: N is infinite (n — n+ 1 is a non-bijective self-embedding), but
not super-infinite (f is elementary = (1) =1, f(n+1) = f(n) + 1).

super-infinite infinite

infinite finite

Axiom 13 J

V (a certain limit rank) is super-infinite.

/\ 13 can neither be proved nor refuted in Zermelo-Fraenkel system.
Victoria LEBED (OCAMI) Laver Tables 5/33



A Laver table is...

Laver tables in Set Theory: details

Self-embeddings
Set S ~ Emb(S):={f:5S<=S} ~ ashelf (Emb(S),>)

oo fgf~1  on the image Im(f) of f,
&= Id on the complement of Im(f).
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A Laver table is...

Laver tables in Set Theory: details

Self-embeddings
Set S ~ Emb(S):={f:5S<=S} ~ ashelf (Emb(S),>)

oo fgf~1  on the image Im(f) of f,
&= Id on the complement of Im(f).

Axiom 13
V), is super-infinite (= admits a non-bij. elementary self-embedding f;).
Laver, 90's:

O fy generates a sub-shelf F C Emb(V)), with F = Fi;
O F has quotients of size 2" «~ Laver tables!

0 I|<_m A, D F1 «~~ A, are finite approximations of F;
neN

13 =
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A Laver table is...

Going beyond Set Theory?

Elementary definition
An=({1,2,3,...,2"}, ) satisfying
la> (b>c)=(avb)>(avc)]

‘ablza—kl mod 2”‘
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A Laver table is...

Going beyond Set Theory?

Elementary definition
An=({1,2,3,...,2"}, ) satisfying
la> (b>c)=(avb)>(avc)] (SD)
‘ablza—kl mod2”‘ (Init)

Elementary properties
[0 A projective system of shelves:
Pn @ An —> An-1,
a—sa mod 2"
U Periodic rows:

| p>1 < pp2 < - < pp2f ‘ ... periodic repetition ...
=p+1 =27
ma(p) := 2" is the period of p in A,.
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A Laver table is...

Going beyond Set Theory?

Elementary properties
O A, is monogenerated (generator: 1).

A= /(. ((ypy)p ) )y =1

1y

2 9>y
3 (ypy)ey
4 ((vor)ey)ey
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A Laver table is...

Going beyond Set Theory?

Elementary properties

O A, is monogenerated (generator: 1).

A= P/ (o )P ) )y =7
0 A, ~ all other finite monogenerated shelves (A. Drapal).
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Going beyond Set Theory?

Elementary properties

O A, is monogenerated (generator: 1).

An= T/ (o) o)) ey =1

0 A, ~ all other finite monogenerated shelves (A. Drapal).

[0 Some “nice” rows and columns

A, 1 2 3 .ooont 2n
2n—1 2n—1%_1 2n—1%_2 2n—1%_3 . on on
2"—-3 2" —2 2" 2" —2 2" 2"
2" —2 2"—1 2" 2"—1 2" 2"
2"—1 2" 2" 2" - 2" 2"

2n 1 2 3 cooont 2n

Victoria LEBED (OCAMI) Laver Tables

Tn

2n71

= NN

8 /33
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Going beyond Set Theory?

Elementary properties

O A, is monogenerated (generator: 1).

An= T/ (o) o)) ey =1

0 A, ~ all other finite monogenerated shelves (A. Drapal).

[0 Some “nice” rows and columns

A, 1 2 3 2n—1 2n
2n—1 2n—1%_1 2n—1%_2 2n—1%_3 on on
2"—-3 2" —2 2" 2" —2 2" 2"
2" —2 2"—1 21 2"—1 2" 21
2"—1 2" 2" 2" 2" 2"

2n 1 2 3 2n-1 2"

/\ No closed formulas for p > g, nor for m,(p).
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A Laver table is...

Going beyond Set Theory?

Elementary properties

O A, is monogenerated (generator: 1).
An=F1/( (b ) B ) )by =1
0 A, ~ all other finite monogenerated shelves (A. Drapal).

[0 Some “nice” rows and columns
/\ No closed formulas for p > g, nor for m,(p).

Elementary conjectures
O mh(1) — oo.

n—o0
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O A, is monogenerated (generator: 1).
An=F1/( (b ) B ) )by =1
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A Laver table is...

Going beyond Set Theory?

Elementary properties

O A, is monogenerated (generator: 1).

A2 P/ ((yp ) ) ey =1
0 A, ~ all other finite monogenerated shelves (A. Drapal).
O Some “nice” rows and columns

/\ No closed formulas for p > g, nor for m,(p).

Elementary conjectures
O mh(1) — oo. O (1) < mp(2). 0 lim A, 5 Fy.

n—oo
neN

/\ Theorems under Axiom 13!
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Dreams: braid and knot invariants based on Laver tables

Laver tables in Topology

Richard Laver

Set Theory

approximation
Laver tableg )it > (Free shelf F;

~
~
~
~ .
=7 ~ s An ordering

Braid Theory of braids

Patrick Dehornoy
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Dreams: braid and knot invariants based on Laver tables

Shelf colorings

Colorings

by (S,>): /
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Shelf colorings

Colorings 7 \\
by (S,>): / \
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colorings
~

braid invariants ack
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Dreams: braid and knot invariants based on Laver tables

Shelf colorings

Wirtinger V‘ p colorings by G
Y: presentation: 90;_\7'& T
7 Rep(m1((R2 x [0, 1])\), G)

>(a>c) (SD)

(a>b)  (Inv)
Example: Group G ~ a rack
braid invariants <% & rack (G, fog="fagf 1, fbg="rlgf)
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Dreams: braid and knot invariants based on Laver tables

Fi-colorings for arbitrary braids?

colorings
~

positive braid invariants F1

Question: What about arbitrary braid invariants?

Problem: Fj is a shelf, but not a rack.
(Map b > b is not surjective <= ~ # vy b.)
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Fi-colorings for arbitrary braids?

colorings
~

positive braid invariants F1
Question: What about arbitrary braid invariants?
Problem: Fj is a shelf, but not a rack.

(Map b > b is not surjective <= ~ # vy b.)
Solution (Dehornoy): partial colorings.
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Dreams: braid and knot invariants based on Laver tables

Fi-colorings for arbitrary braids?

. — . colorings
positive braid invariants ~— «~
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Question: What about arbitrary braid invariants?
Problem: Fj is a shelf, but not a rack.

(Map b > b is not surjective <= ~ # vy b.)
Solution (Dehornoy): partial colorings.

(5,>) is a rack <= the color propagation map is bijective.

b a
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a aob
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Dreams: braid and knot invariants based on Laver tables

Fi-colorings for arbitrary braids?

. — . colorings
positive braid invariants ~— «~

Zi
Question: What about arbitrary braid invariants?
Problem: Fj is a shelf, but not a rack.

(Map b > b is not surjective <= ~ # vy b.)
Solution (Dehornoy): partial colorings.

(5,>) is a rack <= the color propagation map is bijective.

b a
7:SxS—5x%S, K
(a,b) — (a® b, a). /
a aob

For F1, the map o is only injective = partially invertible.
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Normal form for braids: , B_ negative, B4 positive.



Dreams: braid and knot invariants based on Laver tables

Fi-colorings for arbitrary braids?

Normal form for braids: , B_ negative, B4 positive.
~» Colors (3)5~" are -propagable:

N\ 1 a > _
(@)p=" — B- Br > (3)B+
>
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Dreams: braid and knot invariants based on Laver tables

Fi-colorings for arbitrary braids?

Normal form for braids: , B— negative, 54 positive.
~» Colors (3)5~" are -propagable:

(a)B=' —

B

R

Dehornoy's results

00V k-braids 38, 3, 3 a common propagable color vector 3.

Victoria LEBED (OCAMI)
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Dreams: braid and knot invariants based on Laver tables

Fi-colorings for arbitrary braids?

Normal form for braids: , B— negative, 54 positive.

~» Colors (3)5~" are -propagable:

N\ 1 a > _
(@)p=" — B- Br > (3)B+
>

Dehornoy's results

00V k-braids 38, 3, 3 a common propagable color vector 3.
0@E)8=(3)8 — B4

O The left division relation induces a total ordering on F; and on .7:1Xk:

‘a|,b <= b=anp c for some c
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Fi-colorings for arbitrary braids?

Normal form for braids: , B— negative, 54 positive.
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00V k-braids 38, 3, 3 a common propagable color vector 3.

O0@B=0@)F < B=p.

O The left division relation induces a total ordering on F; and on .7:1Xk:

‘a|,b <= b= anp c for some c‘
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is a total left-invariant ordering of braids (8 < f/ = af < af’).
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Dreams: braid and knot invariants based on Laver tables

Fi-colorings for arbitrary braids?

Dehornoy's results

00V k-braids 8, 3, 3 a common propagable color vector 3.
0@)B=(@)p < B=p"

O The left division relation induces a total ordering on F; and on .7:1Xk:

‘a|,b <= b= anp c for some c‘

O Relation p<pB <<= @) (@)
is a total left-invariant ordering of braids (8 < 8/ = af < af’).

Remark: OO Alternative constructions of <.
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Dreams: braid and knot invariants based on Laver tables

Fi-colorings for arbitrary braids?

Dehornoy's results

00V k-braids 8, 3, 3 a common propagable color vector 3.
0@)B=(@)p < B=p"

O The left division relation induces a total ordering on F; and on .7:1Xk:

‘a|,b <= b= anp c for some c‘

O Relation p<pB <<= @) (@)
is a total left-invariant ordering of braids (8 < 8/ = af < af’).

Remark: O Alternative constructions of <.
O Applications: 0 efficient algorithms for distinguishing braids,
U geometry of closed braids, etc.
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Dreams: braid and knot invariants based on Laver tables

A,-colorings for arbitrary braids?

- B . colorings
positive braid invariants — «~~ Laver tables

Question: What about arbitrary braid invariants?
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A,-colorings for arbitrary braids?

- B . colorings
positive braid invariants — «~~ Laver tables

Question: What about arbitrary braid invariants?
Problem: The color propagation map o is not even injective:

o(2" —1,b) = (2" — 1) > b,2" — 1) = (2",2" — 1).
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Dreams: braid and knot invariants based on Laver tables

A,-colorings for arbitrary braids?

- B . colorings
positive braid invariants — «~~ Laver tables

Question: What about arbitrary braid invariants?
Problem: The color propagation map o is not even injective:

o(2" —1,b) = (2" — 1) > b,2" — 1) = (2",2" — 1).

Motivation: [ Conjecturally, A, — Ax 2 Fi.
n—o0
0 A, are finite.
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‘Part 3

Reality: 2- and 3-cocycles
for Laver tables



Aim: Add flexibility to coloring invariants.
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Reality: 2- and 3-cocycles for Laver tables

Shelf colorings revisited

Aim: Add flexibility to coloring invariants.
Method: enrich colorings with weights «~ 2- and 3- rack cocycles.

Rack cohomology (Fenn-Rourke-Sanderson, '95)

Shelf (S,>) ~ complex (Hom(S*k Z), dX) ~ HE(S)
k+1

(déf)(al, .. ,ak+1) = Z(—l)i_l(f(al, ...,d8i—1,a; > aj41,...,ai > ak+1)
i=1

— f(al, 000 g @f=ilg a,-+1, 000 ,ak+1)).
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Reality: 2- and 3-cocycles for Laver tables

Shelf colorings revisited

Aim: Add flexibility to coloring invariants.
Method: enrich colorings with weights «~ 2- and 3- rack cocycles.

Rack cohomology (Fenn-Rourke-Sanderson, '95)

Shelf (S,>) ~ complex (Hom(S*k Z), dX) ~ HE(S)
k+1

(déf)(al, .. ,ak+1) = Z(—l)i_l(f(al, ...,d8i—1,a; > aj41,...,ai > ak+1)
i=1

— f(al, 000 g @f=ilg a,-+1, 000 ,ak+1)).

2-cocycles: maps ¢ : S x S — Z satisfying
‘(b(a,c)—l—gb(ab b,ar c) = ¢(b,c)+ ¢(a, b c)‘
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Reality: 2- and 3-cocycles for Laver tables

Cocycle invariants

Fix a 2-cocycle ¢ : S x S — Z:
¢(a,c) +¢(ar b,avc) = @(b,c) + ¢(a,b>c)
¢-weight (Carter-Jelsovsky-Kamada-Langford-Saito, '99):

S-colored diagram  — Z(b(a, b)
/
X

a
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Reality: 2- and 3-cocycles for Laver tables

Cocycle invariants

Fix a 2-cocycle ¢ : S x S — Z:
¢(a,c)+d(a> b,arc) = ¢(b,c)+ ¢(a, b c)

¢-weight (Carter-Jelsovsky-Kamada-Langford-Saito, '99):
S-colored diagram  — ZQS(a, b)
/
X

a

- —

| |
o(a.b)+ ¢(a,c)+ d(as bavc)  é(b.c)+d(a,bo )+ o(a,b)
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Reality: 2- and 3-cocycles for Laver tables

Cocycle invariants

Fix a 2-cocycle ¢ : S x S — Z:
¢(a,c)+d(a> b,arc) = ¢(b,c)+ ¢(a, b c)

¢-weight (Carter-Jelsovsky-Kamada-Langford-Saito, '99):
S-colored diagram  — Z(f)(a, b)
X
/

a

- —

| |
o(a.b)+ ¢(a,c)+ d(as bavc)  é(b.c)+d(a,bo )+ o(a,b)

- —— . lori &
positive braid invariants e shelf & 2-cocycle

weights
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Reality: 2- and 3-cocycles for Laver tables

Shadow cocycle invariants

Fix a 3-cocycle ¢ : S x S x S — Z:
Y(a,b,c>d)+1Y(a,c,d)+¢(a> ba>c,avd) =
Y(b,c,d)+(a,brc,brd)+(a, b, d)
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Shadow cocycle invariants

Fix a 3-cocycle ¢ : S x S x S — Z:
Y(a,b,c>d)+1Y(a,c,d)+¢(a> ba>c,avd) =
Y(b,c,d)+(a,brc,brd)+(a, b, d)

Shadow colorings: -weight:

S-colored diagram
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Reality: 2- and 3-cocycles for Laver tables

Shadow cocycle invariants

Fix a 3-cocycle ¢ : S x S x S — Z:
Y(a,b,c>d)+(a,c,d)+P(a> byarc,ard) =
(b, c,d)+¢(a,br>c,br>d)+(a,b,d)

-weight:

Shadow colorings:

S-colored diagram

b

|
|
|

Y(a, b, c > d)+1w(a|> b,a>c,a>d) 1

P(a, c,d)+ P(b, ¢, d)+ ¥(a, b, d)

|
1 l
yb>c,b>d)+

-
—~
L
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Reality: 2- and 3-cocycles for Laver tables

Shadow cocycle invariants

Fix a 3-cocycle ¢ : S x S x S — Z:
Y(a,b,c>d)+1Y(a,c,d)+¢(a> ba>c,avd) =
Y(b,c,d)+(a,brc,brd)+(a, b, d)

Shadow colorings: -weight:

S-colored diagram

- - - lori &
positive braid invariants - shelf & 3-cocycle

weights
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Reality: 2- and 3-cocycles for Laver tables

2- and 3-cocycles for Laver tables

Theorem (Dehornoy-L., '14)

(&) Zé(An) ~ 7%" | basis: Gconst(a, b) = 1 and coboundaries

1 if g € Col(b), b ¢ Col(ar b),
bon(a,b) = _ (b), b ¢ Col(ar b)
0 otherwise.

1<g<?2”
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Theorem (Dehornoy-L., '14)

(&) Zé(An) ~ 7%" | basis: Gconst(a, b) = 1 and coboundaries

1 if g € Col(b), b ¢ Col(ar b),
bon(a,b) = _ (b), b ¢ Col(ar b)
0 otherwise.

1<g<?2”

Q@ | Z3(A,) =~ 72" =2"+1| hasis: Yeonst(a, b, ) = 1 and explicit
{0, £1}-valued coboundaries.
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Reality: 2- and 3-cocycles for Laver tables
2- and 3-cocycles for Laver tables

Theorem (Dehornoy-L., '14)

(&) ZF%(A,,) ~ 7°" | basis: ¢const(a, b) = 1 and coboundaries
1 if g€ Col(b), b¢ Col(ar b),
bun(ab) = { (b), b ¢ Col(av b)

) 1<g<?2”
0 otherwise.

Q@ | Z3(A,) = 72" =2"+1| pasis: Yeonst(a, b, ) = 1 and explicit
{0, +-1}-valued coboundaries.

@ |HXA) ~Z| k< 3.

Theorem (L., '14)

@ | ZKA,) ~ 2P| Py (x) =

xk 4 xelk) {1 if k is even,

, alk) =
x+1 (k) 0 otherwise.

@ | HX(A,) ~ Z | for all k.
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Reality: 2- and 3-cocycles for Laver tables

2- and 3-cocycles for Laver tables

Theorem (Dehornoy-L., '14)

(&) ZF%(A,,) ~ 72" | basis: Gconst(a, b) = 1 and coboundaries

1 if g € Col(b), b ¢ Col(ar b),
bon(a,b) = _ (b), b ¢ Col(ar b)
0 otherwise.

1<g<?2”

Q@ | Z3(A,) =~ 72" =2"+1| hasis: Yeonst(a, b, ) = 1 and explicit
{0, £1}-valued coboundaries.

@ |HNA) ~Z| k < 3.

Remark: 2-cocycles capture the combinatorics of the A,,.
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Reality: 2- and 3-cocycles for Laver tables

2- and 3-cocycles for Laver tables

Theorem (Dehornoy-L., '14)

(&) ZF%(A,,) ~ 72" | basis: Gconst(a, b) = 1 and coboundaries

1 if g € Col(b), b ¢ Col(ar b),
bon(a,b) = _ (b), b ¢ Col(ar b)
0 otherwise.

1<g<?2”

Q ZP%(A,,) ~ 72"=2"+1| pasis: Yeonst(a, b,c) = 1 and explicit
{0, £1}-valued coboundaries.

@ |HNA) ~Z| k < 3.

Remark: 2-cocycles capture the combinatorics of the A,,.

Periods via cocycles

Ta(p) = min { q | dn-14(p,q) =1}, p<2".
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Reality: 2- and 3-cocycles for Laver tables

Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

Z2(A,) ~ 7%

basis: ¢const(a, b) = 1 and coboundaries

1 if Col(b), b ¢ Col b),
b n(asb) = lqEIO() ¢ Col(ar b) 1< qg<2n
0 otherwise.
2-cocycle: ‘qﬁ(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c) ‘
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Reality: 2- and 3-cocycles for Laver tables
Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

ZF%(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries

1 if g€ Col(b), b¢ Col(ar b),
¢q7n(37 b) — . ( ) ¢ ( )
0 otherwise.

1<g<?2”

2-cocycle: ‘qb(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c)
Step 1. 2-cocycle = constant on the last column: ¢(b,2") = ¢(2",2").
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Reality: 2- and 3-cocycles for Laver tables

Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

ZF%(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries

1 if g€ Col(b), b¢ Col(ar b),
¢q7n(37 b) — . ( ) ¢ ( )
0 otherwise.

1<g<?2”

2-cocycle: ‘qb(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c)
Step 1. 2-cocycle = constant on the last column: ¢(b,2") = ¢(2",2").

B(2" —1,2") + (2" — 1) & b, (2" — 1) > 2") = ¢(b,2") + $(2" — 1, b > 2")

Victoria LEBED (OCAMI) Laver Tables 24 /33



Reality: 2- and 3-cocycles for Laver tables

Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

ZF%(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries

1 if g€ Col(b), b¢ Col(ar b),
¢q7n(37 b) — . ( ) ¢ ( )
0 otherwise.

1<g<?2”

2-cocycle: ‘qﬁ(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c)
Step 1. 2-cocycle = constant on the last column: ¢(b,2") = ¢(2",2").

(2" -1,2")+o((2" = 1) > b, (2" — 1) > 2") = ¢(b,2") + ¢(2" — 1, b > 2")
d(2" —1,2") 4+ ¢(2",2") = ¢(b,2") + H(2" — 1,2")
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Reality: 2- and 3-cocycles for Laver tables

Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

ZF%(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries
1 if g€ Col(b), b¢ Col(ar>b),
borlab) = { q € Col(b), b ¢ Col(aw b)

. 1<qg<2”
0 otherwise.

2-cocycle: ‘qb(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c)

Step 1. 2-cocycle = constant on the last column: ¢(b,2") = ¢(2",2").
Step 2. 2-cocycle constant on row 2" — 1 = constant.
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Reality: 2- and 3-cocycles for Laver tables

Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

ZF%(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries
1 if g€ Col(b), b¢ Col(ar>b),
borlab) = { q € Col(b), b ¢ Col(aw b)

. 1<qg<2”
0 otherwise.

2-cocycle: ‘qb(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c)
Step 1. 2-cocycle = constant on the last column: ¢(b,2") = ¢(2",2").
Step 2. 2-cocycle constant on row 2" —1 = constant.

Step 3. 2-coboundaries ¢q , = —d2(8g.e) : (a,b) — Sbg — Savb g,
1< qg< 2", Put @2",n = ¢const - z¢q,n-
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Reality: 2- and 3-cocycles for Laver tables

Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

Zé(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries

1 if g€ Col(b), b¢ Col(ar>b),
bon(2, b) = 7 E (b), b ¢ Col(aw b)
0 otherwise.

1<g<?2”

2-cocycle: ‘qﬁ(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c)
Step 1. 2-cocycle = constant on the last column: ¢(b,2") = ¢(2",2").
Step 2. 2-cocycle constant on row 2" —1 = constant.

Step 3. 2-coboundaries ¢q , = —d2(8g.e) : (a,b) — Sbg — Savb g,
1< qg< 2", Put @2",n = ¢const - z(bq,n-

Row 27— 1 Jgn(2" — 1,6) = by L0 0 0 1 0 O
q
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Reality: 2- and 3-cocycles for Laver tables

Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

Zé(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries

1 if g€ Col(b), b¢ Col(ar>b),
bon(2, b) = 7 E (b), b ¢ Col(aw b)
0 otherwise.

1<g<?2”

2-cocycle: ‘qﬁ(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c)
Step 1. 2-cocycle = constant on the last column: ¢(b,2") = ¢(2",2").
Step 2. 2-cocycle constant on row 2" —1 = constant.

Step 3. 2-coboundaries ¢q , = —d2(8g.e) : (a,b) — Sbg — Savb g,
1< qg< 2", Put @2",n = ¢const - z(bq,n-

Row 27— 1 Jgn(2" — 1,6) = by L0 0 0 1 0 O
q

— {<l~5q,n |1<q<2"}is a basis of Z2(An).
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Reality: 2- and 3-cocycles for Laver tables

Main theorem: sketch of proof

Theorem (Dehornoy-L., 14)

ZF%(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries

1 if g€ Col(b), b¢ Col(ar b),
¢q7n(37 b) — . ( ) ¢ ( )
0 otherwise.

1<g<?2”

2-cocycle: ‘qﬁ(a, c)+é(ar b,arc)=g¢(b,c)+ ¢(a, b c)
Step 1. 2-cocycle = constant on the last column: ¢(b,2") = ¢(2",2").
Step 2. 2-cocycle constant on row 2" —1 = constant.

Step 3. 2-coboundaries ¢q , = —d2(8g.e) : (a,b) — Sbg — Savb g,
1< qg< 2", Put @2",n = ¢const - z(bq,n-

Row 27— 1 Jgn(2" — 1,6) = by L0 0 0 1 0 O
q

— {‘E;q,n |1<q<2"}is a basis of Z2(An).
Step 4. A change of basis.
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‘Part 4

Bonus: right division ordering
for Laver tables



Right division relation:

‘a|,b <= b=cnp afor some c




Bonus: right division ordering for Laver tables

Right division for Laver tables

Right division relation:

‘a|,b <= b=cp»aforsomec

Theorem (Dehornoy-L., 14)
@ | is a partial ordering for A,,.
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Bonus: right division ordering for Laver tables

Right division for Laver tables

Right division relation:

‘a|,b <= b=cp»aforsomec

Theorem (Dehornoy-L., 14)
@ |, is a partial ordering for A,.
@ al,b <= Col(a) D Col(b).
@ Col(a) # Col(b) for a # b.

Properties:
[0 Minimal element: 1, maximal element: 2".
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Right division for Laver tables

Right division relation:

‘a|,b <= b=cp»aforsomec

Theorem (Dehornoy-L., 14)
@ |, is a partial ordering for A,.
@ al,b <= Col(a) D Col(b).
@ Col(a) # Col(b) for a # b.

Properties:
[0 Minimal element: 1, maximal element: 2".
O Linear ordering for n < 2, not linear for n > 3.
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Bonus: right division ordering for Laver tables

Right division for Laver tables

Right division relation:

‘a|,b <= b=cp»aforsomec

Theorem (Dehornoy-L., 14)
@ |, is a partial ordering for A,.
@ al,b <= Col(a) D Col(b).
@ Col(a) # Col(b) for a # b.

Properties:

[0 Minimal element: 1, maximal element: 2".

O Linear ordering for n < 2, not linear for n > 3.
O Lattice ordering for n < 4, not lattice for n > 5.

Victoria LEBED (OCAMI) Laver Tables 27 /33
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|, is a partial ordering for A,. I




Bonus: right division ordering for Laver tables

Main theorem 2: sketch of proof

Theorem (Dehornoy-L., 14)

|, is a partial ordering for A,.

Step 1. Operation po g = pp> (q+ 1) — 1 satisfies
‘(aob)bc:ab(bbc)‘
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Theorem (Dehornoy-L., 14)

|, is a partial ordering for A,.

Step 1. Operation po g = pp> (q+ 1) — 1 satisfies

‘(aob)bc:ab(bbc)‘

Step 2. Transitivity of |,.
alybl,c = b=dpra c=erb
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Bonus: right division ordering for Laver tables

Main theorem 2: sketch of proof

Theorem (Dehornoy-L., 14)

|, is a partial ordering for A,.

Step 1. Operation po g = pp> (q+ 1) — 1 satisfies
‘(aob)bc:ab(bbc)‘
Step 2. Transitivity of |,.

alybl,c = b=dpra c=erb
= c=eb>(dra)=(eod)ra = al c
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Bonus: right division ordering for Laver tables

Main theorem 2: sketch of proof

Theorem (Dehornoy-L., 14)
|, is a partial ordering for A,. J

Step 1. Operation po g = pp> (q+ 1) — 1 satisfies
‘(aob)bc:ab(bbc)‘
Step 2. Transitivity of |,.
alybl,c = b=dpra c=erb
= c=eb>(dra)=(eod)ra = al c
Step 3. ‘a b <= Col(a) D Col(b)‘
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Bonus: right division ordering for Laver tables

Main theorem 2: sketch of proof

Theorem (Dehornoy-L., 14)

|, is a partial ordering for A,.

Step 1. Operation po g = pp> (q+ 1) — 1 satisfies

‘(aob)bc:ab(bbc)‘

Step 2. Transitivity of |,.
alybl,c = b=dpra c=erb

= c=e>(dra)=(eod)ra =
Step 3. |a|, b <— Col(a)I_DCo/(b)‘

Col(a) D Col(b)5b = b=cra = al b

Victoria LEBED (OCAMI) Laver Tables

al,c.
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Bonus: right division ordering for Laver tables

Main theorem 2: sketch of proof

Theorem (Dehornoy-L., 14)
|, is a partial ordering for A,. J

Step 1. Operation po g = pp> (q+ 1) — 1 satisfies
‘(aob)bc:ab(bbc)‘
Step 2. Transitivity of |,.
alybl,c = b=dpra c=erb
= c=eb>(dra)=(eod)ra = al c
Step 3. |a|, b <— Col(a)I_DCo/(b)‘
Col(a) D Col(b)5b = b=cra = al b
alpb,ceCollb) = al/bl,c = al,c = ce Cola).
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|, is a partial ordering for A,.

Theorem (Dehornoy-L., 14) J

Step 1. Operation po g = pp> (q+ 1) — 1 satisfies
‘(aob)bc:ab(bbc)‘

Step 2. Transitivity of |,.

alybl,c = b=dpra c=erb

= c=eb>(dra)=(eod)ra = al c

Step 3. |a|, b <= Col(a) D Col(b)‘

Col(a) D Col(b)5b = b=cra = al b

alpb,ceCollb) = al/bl,c = al,c = ce Cola).
Step 4. Resolve the equation p> g = g.
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Bonus: right division ordering for Laver tables

Main theorem 2: sketch of proof

|, is a partial ordering for A,.

Theorem (Dehornoy-L., 14) J

Step 1. Operation po g = pp> (q+ 1) — 1 satisfies
‘(aob)bc:ab(bbc)‘
Step 2. Transitivity of |,.
alybl,c = b=dpra c=erb
= c=eb>(dra)=(eod)ra = al c
Step 3. |a|, b <= Col(a) D Col(b)‘
Col(a) D Col(b)5b = b=cra = al b
alpb,ceCollb) = al/bl,c = al,c = ce Cola).
Step 4. Resolve the equation p> g = g.
Step 5. Col(q) = Col(q+2""1)U{q}, g <271
Step 6. Col(a) # Col(b) for a # b.
Step 7. Anti-symmetry of |,.
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Bonus: right division ordering for Laver tables

A good basis for 2-cocycles

Theorem (Dehornoy-L., 14)

Z;(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries
1 if g€ Col(b), b¢ Col(ar b),
bun(arb) = { (b), b ¢ Col(av b)

) 1<g<?2”
0 otherwise.

We saw: ¢const and 2-coboundaries

Ggn = —d2(8g.e) : (a,b) > Obg — danbqg € {0, 1}, 1 < g < 27,
form a basis.
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A good basis for 2-cocycles

Theorem (Dehornoy-L., 14)

Z;(A,,) ~ 7°" | basis: ®const(a, b) = 1 and coboundaries
1 if g€ Col(b), b¢ Col(ar b),
bun(arb) = { (b), b ¢ Col(av b)

) 1<g<?2”
0 otherwise.

We saw: ¢const and 2-coboundaries

Ggn = —d2(8g.e) : (a,b) > Obg — danbqg € {0, 1}, 1 < g < 27,
form a basis.

Change of basis: | ¢gn = Z gs,n
slrq
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Bonus: right division ordering for Laver tables
Digression: Laver tables and branched braids

Theorem (Laver, Drépal, 95)

Operation ‘p og=p>(g+1)—1 ‘ satisfies

(aob)rc=a>(b>c), (aob)oc=ao(boc),
ar(boc)=(arb)o(arc), 2"oca=a,

aob=(ar b)oa, ao2"=a.
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Digression: Laver tables and branched braids

Theorem (Laver, Drépal, 95)

Operation ‘p og=p>(g+1)—1 ‘ satisfies

(aob)rc=a>(b>c), (aob)oc=ao(boc),
ar(boc)=(arb)o(arc), 2"oca=a,
aob=(ar b)oa, ao2"=a.

Application: colorings of positive branched braids.
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(aob)rc=a>(b>c),
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Digression: Laver tables and branched braids

Theorem (Laver, Drépal, 95)

Operation ‘p og=p>(g+1)—1 ‘ satisfies

(aob)rc=a>(b>c), (aob)oc=ao(boc),
>(boc)=(ar>b)o(arc), 2"oa=a,
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Application: colorings of positive branched braids.

__/ a>b
(a>b)o

o(arc)
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Digression: Laver tables and branched braids

Theorem (Laver, Drépal, 95)

Operation ‘p og=p>(g+1)—1 ‘ satisfies

(aob)rc=a>(b>c), (aob)oc=ao(boc),
>(boc)=(ar>b)o(arc), 2"oa=a,
aob=(aprb)oa, ao2" =a.

Application: colorings of positive branched braids.

arb
a>(boc) (a>b)o(arc)

e — . colorings
positive branched braid invariants <~ A,
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Bonus: right division ordering for Laver tables

Digression: Laver tables and branched braids

Theorem (Laver, Drépal, 95)

Operation ‘p og=p>(g+1)—1 ‘ satisfies

(aob)rc=a>(b>c), (aob)oc=ao(boc),
ar(boc)=(arb)o(arc), 2"oa=a,
aob=(aprb)oa, ao2" =a.

Application: colorings of positive branched braids.

S 2 c P
b boc/ RIV b$ / adc
—

__/ / a>b

2 a>(boc) 2 (a>b)o(arc)

. /\ Does not work
e — . colorings
positive branched braid invariants <~ A, for F!
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Bonus: right division ordering for Laver tables

Division relations for shelves

al,bifb=cra aljpifb=arc
A is a partial ordering
" | ~+ a good basis for 2-cocycles
induces a total ordering
J1

~> an ordering of braids
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Bonus: right division ordering for Laver tables

Division relations for shelves

al,bifb=cra aljpifb=arc
A is a partial ordering induces a trivial relation
" | ~+ a good basis for 2-cocycles
7 induces a partial ordering induces a total ordering
~> an ordering of braids

Depth function: d : 71 — N, d(y) =1, d(c>a) =d(a) + 1.
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Bonus: right division ordering for Laver tables

Division relations for shelves

al,bifb=cra aljpifb=arc
A is a partial ordering induces a trivial relation
" | ~+ a good basis for 2-cocycles
7 induces a partial ordering induces a total ordering
~> an ordering of braids

Depth function: d : 71 — N, d(y) =1, d(c>a) =d(a) + 1.
al,b — d(b)=d(a)+1
O |, is anti-symmetric, but not transitive on Fi.

O |, strictly sharpens the depth function: a|, b < d(b)=d(a)+1.
b=~v(y>9) d(b) =3,
a=((re)e (1o e 7)) o7, d(a) =2

Suppose a |, b in Fi.
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Thank you!

To be continued...

Richard Laver

Set Theory

approximation
Laver tableg )it > (Free shelf F;

~
~
~
~ .
=7 N An ordering

Braid Theory of braids

Patrick Dehornoy
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