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Shelves

Algebraic structures

(S ,�)

s.t.

(a� b)� c = (a� c)� (b � c)
(Self-Distributivity)

shelf

Knot theory

a b

b a�b

coloring

a b c

c b�c (a�b)�c

a�b

RIII←→

a b c

c b�c (a�c)�(b�c)

a�c

b�c

Victoria LEBED (OCAMI, Osaka) Distributivity and Braid(ing)s JMM 2014 5 / 17



Shelves

Algebraic structures

(S ,�) s.t.

(a� b)� c = (a� c)� (b � c)
(Self-Distributivity)

shelf

Knot theory

a b

b a�b

coloring

a b c

c b�c (a�b)�c

a�b

RIII←→

a b c

c b�c (a�c)�(b�c)

a�c

b�c

Victoria LEBED (OCAMI, Osaka) Distributivity and Braid(ing)s JMM 2014 5 / 17



Multi-shelves

Algebraic structures

(S , {�i}i∈I) s.t.

(a�jb)�kc = (a�kc)�j(b�kc)
(Multi-Distributivity)

multi-shelf

(P.Dehornoy, D.Larue;
J.Przytycki, A.Sikora,

K.Putyra)

Knot theory

a b

b a�jb

i

j
bi-colorings

a b c

c b�kc (a�jb)�kc

a�jb

i j k
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Braided systems: definition

Algebraic structures

({Vi}i∈I, {σi ,j}i ,j∈I
i6j

) s.t.

(σj ,k⊗ Idi )◦(Idj ⊗σi ,k)◦(σi ,j⊗ Idk) =
(Idk ⊗σi ,j) ◦ (σi ,k ⊗ Idj) ◦ (Idi ⊗σj ,k)

∀ i 6 j 6 k
(Colored Yang-Baxter Equation)

(ordered) braided system

Example (Multi-shelves)

Vi = S , σi ,j : (a, b) 7→ (b, a�jb).

Knot theory

Vi ⊗ Vj

Vj ⊗ Vi

i

j
σi ,j

Vi ⊗ Vj ⊗ Vk

Vk ⊗ Vj ⊗ Vi

i j k

cRIII←→

Vi ⊗ Vj ⊗ Vk

Vk ⊗ Vj ⊗ Vi

i j k
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Braided systems: representation theory

Algebraic structures

(M, {ρi : M ⊗ Vi → M}i∈I) s.t.

ρj ◦ (ρi ⊗ Idj) =
ρi ◦ (ρj ⊗ Idi ) ◦ (IdM ⊗σi ,j)

∀ i 6 j

multi-braided module

Example (Multi-shelves)

(m�ia)�jb = (m�jb)�i (a�jb)
(multi-S-set).

Knot theory

ρi

ρj

Vj⊗Vi⊗M

M

=
ρi

ρj

Vj⊗Vi⊗M

M

σi,j

bam

b

a�jb (m�ia)�jb

m�ia
=

bam

b a�jb (m�jb)�i (a�jb)

m�jb

a�jb
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Braided systems: homology theory

Theorem (L., 2012)

Take an ordered braided system of abelian groups ({V1,V2, . . .}, {σi ,j}i6j)
and a multi-braided module (M, {ρi : M ⊗ Vi → M}i=1,2,...) over it. A
differential on M ⊗ T (V1)⊗ T (V2)⊗ . . . can then be defined as follows:

dn :=
n∑

t=1

(−1)t−1 dn;t ,

dn;t = i1 6 i2 6 . . . 6 in
σi1,it

σit−1,it

ρit

M Vi1
Vit−1

...
Vit Vit+1

...
Vin

⊗ ⊗ ⊗ ⊗⊗
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Braided systems: homology theory

Proof

Pre-simplicial axiom

dn−1;j ◦ dn;k = dn−1;k−1 ◦ dn;j 1 6 j < k 6 n.

+ a careful sign juggling.

(cRIII )
=

M
...

Vij

...
Vik

...

(mBrMod)
=
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Braided systems: homology theory

Proof

(cRIII )
=

M
...
Vij

...
Vik

...

(mBrMod)
=

Remarks

ú “Compatible” multi-braided modules ; compatible differentials ;
linear combinations are differentials.

ρi

ρ′j

Vj⊗Vi⊗M

=
ρi

ρ′j

Vj⊗Vi⊗M

σi,j
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∑
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ú Functoriality. ú Homology morphisms.
ú Generalization of the homology theory for the set-theoretic YBE (2004,
Carter-Elhamdadi-Saito).

Example (Shelves)

Linearization: V = ZS ; a rack-set M (or M = Z, ρ : a 7→ 1).
ú δleft ; shelf / 1-term distributive homology (2011, Przytycki-Sikora).

ú δleft − δright ; rack homology (1990,1995, Fenn-Rourke-Sanderson).
ú ∆(a) = a⊗ a ; degeneracies ; quandle homology (2003, Carter-
Jelsovsky-Kamada-Langford-Saito).
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Examples: Multi-shelves

(S , {�i}i∈I); Vi = S , σi ,j : (a, b) 7→ (b, a�jb).

Take a multi-S-set (M, {�i : M × S → M}i∈I).
Then the maps

d j
n :=

∑n
t=1(−1)t−1 d j

n;t , d j
n;t =

σj

σj

ρj

M S S
...

S S
...

S⊗ ⊗ ⊗ ⊗⊗

define a multi-differential on ZM × Sn.

; linear combinations are differentials
; multi-term distributive homology (2011, Przytycki-Sikora)
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Examples: (multi-)associativity

Unitary associative algebras

(V , ·, 1) ; a braided system (V , σAss : v ⊗ w 7→ 1⊗ v · w).

YBE for σAss ⇐⇒ associativity for ·
braided module over (V , σAss)⇐⇒ algebra module over (V , ·, 1)

δleft ←→ bar complex

δleft − δright mod degeneracies←→ Hochschild complex
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Bialgebras

(H, µ, 1,∆, ε)

; an ordered braided system: V1 = H,V2 = H∗,

σ1,1 = µ 1

,
σ1,2 =

ev∆ µ∗
,

σ2,2 = ∆∗
ε∗

.

YBE on H ⊗ H ⊗ H∗ ⇐⇒ the bialgebra compatibility condition

invertibility of σ1,2 ⇐⇒ H is a Hopf algebra

multi-braided module ⇐⇒ right-right Hopf module over H
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invertibility of σ1,2 ⇐⇒ H is a Hopf algebra

multi-braided module ⇐⇒ right-right Hopf module over H

δleft − δright ←→ Gerstenhaber-Schack complex
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Examples: virtual bi-braidings

V ; σr , σv : V⊗2 → V⊗2 with σ2v = Id.

Proposition:
(V1 = V2 = V ,
σ1,1 = σr , σ1,2 = σ2,2 = σv )
is an ordered braided system

⇐⇒
7→ σr , 7→ σv

defines a representation of
positive virtual braid groups.

virtual bi-braiding

Theorem ; a homology theory for virtual bi-braidings.
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Digression: cocycle invariants

φi ,j : Si × Sj → Z, 1 6 i 6 j
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Digression: cocycle invariants

φi ,j : Si × Sj → Z, 1 6 i 6 j

φ

− φ +

φ

←→

φ

− φ +

φ

invariance under cRIII ⇐⇒ φ is a 2-cocycle for δleft − δright
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Examples: virtual bi-braidings

V = ZS ; σr , σv : S×2 → S×2 s.t. σ2v = Id and
(S1 = S2 = S , σ1,1 = σr , σ1,2 = σ2,2 = σv ) is an ordered braided system;
ρ1 = ρ2 : V → Z, a 7→ 1, δ = δleft − δright ;

2-cocycles: 3 maps φi ,j : S × S → G , 1 6 i 6 j 6 2
+ 4 conditions (one for each 1 6 i 6 j 6 k 6 2)

special 2-cocycles: 2 maps φ1,1, φ1,2 : S × S → G ,
+ 3 conditions

; cocycle invariants for positive virtual braids
(a conceptual setting for virtual Yang-Baxter cocycle invariants of
Ceniceros-Nelson, 2009)
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S2 S2
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G -distributivity

Algebraic structures

a group G & (S , {�i}i∈G ) s.t.

(a�jb)�kc = (a�kc)�k−1jk(b�kc)
(G -Distributivity)

G -family of shelves

Knot theory

a b

b a�jb

i

j

j

i�j
bi-colorings

(2012, Ishii-Iwakiri-Jang-Oshiro)
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