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Different viewpoints on usual and virtual braids

Outline

braids usual virtual

Topology known known

Algebra known known

Representation Theory known known & new

Category Theory known new
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Different viewpoints on usual and virtual braids

Knots, diagrams and Gauss codes

Knots
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Different viewpoints on usual and virtual braids

Virtual knots

Knots
encoding
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Problem: decoding is not surjective.
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Problem: decoding is not surjective.

L.H. Kauffman, ’96: Virtual knots
Def .
= Diagrams

/
RI-RIII, D

Detour
move:

D
←→

Virtual knots ∼= Gauss codes
/
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Different viewpoints on usual and virtual braids

Braids in topology

E. Artin, ’25: Braids ∼= Diagrams
/

RII-RIII

RIII
←→

RII
←→

RII
←→
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Different viewpoints on usual and virtual braids

Braids and knots

closure

Theorem (J.W. Alexander, ’23; A. Markov, ’35)

❀ Surjectivity.
❀ Kernel: moves M1 and M2.

B

B ′

M1
←→

B ′

B

B

M2
←→

B

M2
←→

B
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Different viewpoints on usual and virtual braids

Virtual knots as closures?

closure

V.V. Vershinin, ’01:

Virtual braids
Def .
= Diagrams

/
RII,RIII,RIIv ,RIIIv ,RIIIm

Virtual and mixed moves:

◦

◦

◦ RIIIv
←→

◦

◦

◦ ◦

◦
RIIv
←→

◦

◦ RIIIm
←→ ◦

◦
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Different viewpoints on usual and virtual braids

Virtual Alexander-Markov theorem

closure

Theorem (S. Kamada, ’07(’00))

❀ Surjectivity.
❀ Kernel: moves M1, M2, M2v , M3r , M3l .

B

M2v
←→

B B

B ′

M3r
←→

B

B ′

Victoria LEBED (OCAMI) Categorical virtuality 9 / 32



Different viewpoints on usual and virtual braids

Braids in Algebra

The braid group on n strands Bn:

❀ generators: σ1, σ2, . . ., σn−1;

❀ relations: σiσj = σjσi , |i − j | > 1 (Comm)

σiσi+1σi = σi+1σiσi+1 (YBE )
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Different viewpoints on usual and virtual braids

Braids in Algebra

The virtual braid group on n strands VBn:

❀ generators: σ1, σ2, . . ., σn−1; ζ1, . . . , ζn−1;

❀ relations: σiσj = σjσi , |i − j | > 1 (Comm)

σiσi+1σi = σi+1σiσi+1 (YBE )

ζ2i = 1 (Inv v )

ζiζj = ζjζi , |i − j | > 1 (Commv )

ζiζi+1ζi = ζi+1ζiζi+1 (YBE v)

σiζj = ζjσi , |i − j | > 1 (Commm)

σiζi+1ζi = ζi+1ζiσi+1 (YBEm)

ϕ : VBn
∼
−→ virtual braids on n strands

σi 7−→ · · · · · ·
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Different viewpoints on usual and virtual braids

Braids and Representation Theory

Hurwitz action: Bn y X×n, X is a group

σi 7−→ · · · · · ·
a1 ai−1 ai ai+1 ai+2 an

a1 ai−1 a−1
i+1aiai+1ai+1 ai+2 an

(cf. Wirtinger presentation of π1((R
2 × [0, 1])\β)).
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a1 ai−1 a−1
i+1aiai+1ai+1 ai+2 an

(cf. Wirtinger presentation of π1((R
2 × [0, 1])\β)).

E. Artin, ’47: Bn →֒ Aut(Fn) , Fn = the free group on n elements.

D. Joyce, S.V. Matveev, ’82: Bn y X×n, (X ,�) is a rack:

(a�b)� c = (a� c)� (b� c), (SD)

(a �̃b)�b = a = (a�b) �̃b.
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Braids and Representation Theory

Hurwitz action: Bn y X×n, X is a group

σi 7−→ · · · · · ·
a1 ai−1 ai ai+1 ai+2 an

a1 ai−1 ai � ai+1ai+1 ai+2 an

(cf. Wirtinger presentation of π1((R
2 × [0, 1])\β)).

E. Artin, ’47: Bn →֒ Aut(Fn) , Fn = the free group on n elements.

D. Joyce, S.V. Matveev, ’82: Bn y X×n, (X ,�) is a rack:

(a�b)� c = (a� c)� (b� c), (SD)

(a �̃b)�b = a = (a�b) �̃b.

Example: group X , a�b = b−1ab, a �̃b = bab−1.
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Different viewpoints on usual and virtual braids

Virtual braids and Representation Theory

Hurwitz action: Bn y X×n, (X ,�) is a rack:
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Virtual braids and Representation Theory

Hurwitz action: Bn y X×n, (X ,�) is a rack:

σi 7−→ · · · · · ·
a1 ai−1 ai ai+1 ai+2 an

a1 ai−1 ai � ai+1ai+1 ai+2 an

Question: VBn y X×n?
Answers:

1 ζi 7−→ · · · ⊙ · · ·
a1 ai−1 ai ai+1 ai+2 an

a1 ai−1 aiai+1 ai+2 an

Problem:
forbidden
move

a b c

c b� c a� c

⊙

6=

a b c

c b� c a� c

⊙
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Different viewpoints on usual and virtual braids

Virtual braids and Representation Theory

Hurwitz action: Bn y X×n, (X ,�) is a rack:

σi 7−→ · · · · · ·
a1 ai−1 ai ai+1 ai+2 an

a1 ai−1 ai � ai+1ai+1 ai+2 an

Question: VBn y X×n?
Answers (V.O. Manturov, ’02):

Virtual rack = rack (X ,�) & f ∈ Aut(X ):
❀ f is invertible;
❀ f (a�b) = f (a)� f (b).
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Different viewpoints on usual and virtual braids

Virtual braids and Representation Theory

Hurwitz action: Bn y X×n, (X ,�) is a rack:

σi 7−→ · · · · · ·
a1 ai−1 ai ai+1 ai+2 an

a1 ai−1 ai � ai+1ai+1 ai+2 an

Question: VBn y X×n?
Answers (V.O. Manturov, ’02):

Virtual rack = rack (X ,�) & f ∈ Aut(X ):
❀ f is invertible;
❀ f (a�b) = f (a)� f (b).

2 ζi 7−→ · · · ⊙ · · ·
a1 ai−1 ai ai+1 ai+2 an

a1 ai−1 f (ai)f −1(ai+1) ai+2 an
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Different viewpoints on usual and virtual braids
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Virtual rack = rack (X ,�) & f ∈ Aut(X ):
❀ f is invertible;
❀ f (a�b) = f (a)� f (b).

Examples:

0 Any rack (X ,�), f = Id.
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Examples:
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Conjecture (Manturov, ’03): VBn →֒ Aut(F
(×n)
n+1 ) .

Victoria LEBED (OCAMI) Categorical virtuality 13 / 32
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Virtual racks

Virtual rack = rack (X ,�) & f ∈ Aut(X ):
❀ f is invertible;
❀ f (a�b) = f (a)� f (b).

Examples:

0 Any rack (X ,�), f = Id.
1 Any rack (X ,�), any a ∈ X , f : x 7→ x � a.

Group Fn+1, f : x 7→ x−1
n+1xxn+1 .

Conjecture (Manturov, ’03): VBn →֒ Aut(F
(×n)
n+1 ) .

Evidence:
❀ OK for n = 2;
❀ OK for the forbidden move.
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Different viewpoints on usual and virtual braids

Virtual racks

Virtual rack = rack (X ,�) & f ∈ Aut(X ):
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Conjecture (Manturov, ’03): VBn →֒ Aut(F
(×n)
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2 Alexander rack (Z[t±1], a � b = ta + (1− t)b ).

f = Id ; virtual Burau representation (Vershinin, ’01).
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Different viewpoints on usual and virtual braids

Virtual racks

Virtual rack = rack (X ,�) & f ∈ Aut(X ):
❀ f is invertible;
❀ f (a�b) = f (a)� f (b).

Examples:

0 Any rack (X ,�), f = Id.
1 Any rack (X ,�), any a ∈ X , f : x 7→ x � a.

Group Fn+1, f : x 7→ x−1
n+1xxn+1 .

Conjecture (Manturov, ’03): VBn →֒ Aut(F
(×n)
n+1 ) .

2 Alexander rack (Z[t±1], a � b = ta + (1− t)b ).

f = Id ; virtual Burau representation (Vershinin, ’01).

f : x 7→ x + ε (ε ∈ Z[t±1] fixed)

; virtual Alexander polynomial (Manturov, ’02).
B Not linear!

(Z[t±1, s±1], a � b = ta+ (1− t)b ), f : x 7→ sx .
Victoria LEBED (OCAMI) Categorical virtuality 13 / 32



A categorical interpretation of virtual braids

Braided categories

Fix a strict monoidal category (C,⊗, I).
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A categorical interpretation of virtual braids

Braided categories

Fix a strict monoidal category (C,⊗, I).

Definitions

C is braided if it is endowed with an invertible braiding
c = (cV ,W : V ⊗W →W ⊗ V )V ,W∈Ob(C), which is

❀ natural: for any f ∈ HomC(V ,V ′), g ∈ HomC(W ,W ′) one has

cV ′
,W ′ ◦ (f ⊗ g) = (g ⊗ f ) ◦ cV ,W ;

f g

V W

W ′ V ′

=
g f

V W

W ′ V ′
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❀ natural: for any f ∈ HomC(V ,V ′), g ∈ HomC(W ,W ′) one has

cV ′
,W ′ ◦ (f ⊗ g) = (g ⊗ f ) ◦ cV ,W ;

❀ compatible with ⊗: cV ,W⊗U = (IdW ⊗cV ,U) ◦ (cV ,W ⊗ IdU),

cV⊗W ,U = (cV ,U ⊗ IdW ) ◦ (IdV ⊗cW ,U).

f g

V W
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V W
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A categorical interpretation of virtual braids

Braided categories

Fix a strict monoidal category (C,⊗, I).

Definitions

C is braided if it is endowed with an invertible braiding
c = (cV ,W : V ⊗W →W ⊗ V )V ,W∈Ob(C), which is

❀ natural: for any f ∈ HomC(V ,V ′), g ∈ HomC(W ,W ′) one has

cV ′
,W ′ ◦ (f ⊗ g) = (g ⊗ f ) ◦ cV ,W ;

❀ compatible with ⊗: cV ,W⊗U = (IdW ⊗cV ,U) ◦ (cV ,W ⊗ IdU),

cV⊗W ,U = (cV ,U ⊗ IdW ) ◦ (IdV ⊗cW ,U).

C is symmetric if moreover cW ,V ◦ cV ,W = IdV⊗W .

f g

V W

W ′ V ′

=
g f

V W

W ′ V ′

UV⊗W

=

V W U V W

=

V W
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A categorical interpretation of virtual braids

Braided objects

Definitions

An object V in C is braided if it is a endowed with an invertible
braiding σV : V ⊗V → V ⊗V satisfying the Yang-Baxter equation

(σV ⊗ IdV )◦(IdV ⊗σV )◦(σV ⊗ IdV ) = (IdV ⊗σV )◦(σV ⊗ IdV )◦(IdV ⊗σV ).

V V V

=

V V V
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A categorical interpretation of virtual braids

Braided objects

Definitions

An object V in C is braided if it is a endowed with an invertible
braiding σV : V ⊗V → V ⊗V satisfying the Yang-Baxter equation

(σV ⊗ IdV )◦(IdV ⊗σV )◦(σV ⊗ IdV ) = (IdV ⊗σV )◦(σV ⊗ IdV )◦(IdV ⊗σV ).

A morphism f : (V , σV )→ (W , σW ) is braided if

(f ⊗ f ) ◦ σV = σW ◦ (f ⊗ f ).

V V V

=

V V V

f f

V V

W W

=
f f

V V

W W
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A categorical interpretation of virtual braids

Braided categories and braided objects

braided categories “global” notion

braided objects “local” notion
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Examples:
❀ Braided category (C, c•,•) ; braided objects (V , σV := cV ,V ).

V V V
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braided categories “global” notion

braided objects “local” notion

Examples:
❀ Braided category (C, c•,•) ; braided objects (V , σV := cV ,V ).

V V V

= cV ,V

V⊗V V

=
cV ,V

V⊗V V

=

V V V

❀ Rack (X ,�) ; braided object (X , (a, b) 7→ (b, a�b) ) in (Set,×).
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A categorical interpretation of virtual braids

Braids and Category Theory

Theorem (folklore)

Denote by B1 the free braided category generated by an object V . Then

Bn
∼
−→ EndB1(V

⊗n)

σi 7−→ IdV i−1 ⊗cV ,V ⊗ IdV n−i−1 .

· · · · · ·
1 2 i−1 i i+1 i+2 n
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Remark (“local = global”): B1 ≃ the free monoidal category generated
by a braided object (V , σV ).
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Corollary: For any braided object (V , σV ) in C, one has Bn y V⊗n.
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Corollary: For any braided object (V , σV ) in C, one has Bn y V⊗n.
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(Set,×) ; Hurwitz action Bn y X×n.
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A categorical interpretation of virtual braids

Virtual braids and Category Theory

Theorem (L., ’13)

Denote by B2 the free symmetric category generated by a braided object
(V , σV ). Then

VBn
∼
−→ EndB2(V

⊗n)

ζi 7−→ IdV i−1 ⊗cV ,V ⊗ IdV n−i−1,

σi 7−→ IdV i−1 ⊗σV ⊗ IdV n−i−1 .
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Virtual braids and Category Theory

Theorem (L., ’13)

Denote by B2 the free symmetric category generated by a braided object
(V , σV ). Then

VBn
∼
−→ EndB2(V

⊗n)

ζi 7−→ IdV i−1 ⊗cV ,V ⊗ IdV n−i−1,

σi 7−→ IdV i−1 ⊗σV ⊗ IdV n−i−1 .

Corollary: for any braided object (V , σV ) in a symmetric category C,
one has VBn y V⊗n.

VBn B2
Sn-part (ζi) global braiding c•,•
Bn-part (σi) local braiding σV

VBn ≃ Bn ∗ Sn
/
mixed relations

B A flexible construction ; applications to representations.
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A categorical interpretation of virtual braids

Virtual braids as hom-sets: application 1

Proposition (virtualized braidings)

Take a symmetric category (C, c•,•), V ∈ Ob(C), and f ∈ AutC(V ).

1 C has a monoidal subcategory CV ,f :
❀ objects: V⊗n; ❀ morphisms:

Homf (V⊗n,V⊗m) :=
{
ϕ ∈ HomC(V

⊗n,V⊗m)
∣∣ f ⊗m ◦ ϕ = ϕ ◦ f ⊗n

}
.
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Remark: A braided object (V , σV ) in C remains braided in CV ,f

iff f is a braided morphism.
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Example: Virtual rack (X ,�, f )

; braided object
(
X , σX (a, b) = (b, a�b)

)
in

(
Set, τ(a, b) = (b, a)

)
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[Lemma: f ∈ Bij(X ) is a braided morphism ⇔ f (a�b) = f (a)� f (b).]
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)
in

(
Set, τ(a, b) = (b, a)

)

; (X , σX ) is a braided object in
(
SetX ,f , τ

f (a, b) = (f −1(b), f (a))
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[Lemma: f ∈ Bij(X ) is a braided morphism ⇔ f (a�b) = f (a)� f (b).]
; a categorical interpretation of virtual racks and corr. VBn actions.
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A categorical interpretation of virtual braids

Virtual braids as hom-sets: application 2

Proposition (single twisting)

Let (V , σV ) be a braided object in a symmetric category (C, c•,•).
Then V admits an alternative braiding

σc
V = cV ,V ◦ σV ◦ cV ,V
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Proposition (single twisting)

Let (V , σV ) be a braided object in a symmetric category (C, c•,•).
Then V admits an alternative braiding

σc
V = cV ,V ◦ σV ◦ cV ,V

Proposition (double twisting)

Let C be a monoidal category endowed with three symmetric braidings
a•,•, b•,•, and c•,•. Let (V , σV ) be a braided object in C. Then the map

VBn −→ EndC(V
⊗n)

ζi 7−→ IdV i−1 ⊗(caV ,V )
b ⊗ IdV n−i−1 ,

σi 7−→ IdV i−1 ⊗(σa
V )

b ⊗ IdV n−i−1 .

defines a representation of VBn
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Virtual braids as hom-sets: application 2

Proposition (single twisting)

Let (V , σV ) be a braided object in a symmetric category (C, c•,•).
Then V admits an alternative braiding

σc
V = cV ,V ◦ σV ◦ cV ,V

Proposition (double twisting)

Let C be a monoidal category endowed with three symmetric braidings
a•,•, b•,•, and c•,•. Let (V , σV ) be a braided object in C. Then the map

VBn −→ EndC(V
⊗n)

ζi 7−→ IdV i−1 ⊗(caV ,V )
b ⊗ IdV n−i−1 ,

σi 7−→ IdV i−1 ⊗(σa
V )

b ⊗ IdV n−i−1 .

defines a representation of VBn, isomorphic to the representation
ζi 7−→ IdV i−1 ⊗cV ,V ⊗ IdV n−i−1,

σi 7−→ IdV i−1 ⊗σV ⊗ IdV n−i−1 .
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A categorical interpretation of virtual braids

Virtual braids as hom-sets: application 2

Corollary: Take
❀ a braided object (V , σV ) in a symmetric category (C, c•,•);
❀ a braided morphism f ∈ AutC(V );
❀ k ,m ∈ Z.
Then one has two isomorphic representation of VBn in EndC(V

⊗n):

ζi 7→ (c f
k

V ,V )i , σi 7→ (σV )i ;

ζi 7→ (c f
k+2m

V ,V )i , σi 7→ (σ′
V )i ;

c f
r

V ,V = cV ,V

f −r f r
σ′
V = σV

f −m f m

f m f −m
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Application: (X = Z[t±1, s±1], a � b = ta+ (1− t)b, f (x) = sx )
; braided object (X , σX (a, b) = (b, a�b) ) in (Z[t±1]Mod,⊕, τ)
& braided morphism f .
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& braided morphism f .
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)
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0 1
t 1−t
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i
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0 1
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)
i
, σi 7→
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0 s2

ts−2 1−t

)
i . twisted Burau representation
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(Silver-Williams, ’01)
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Categorical self-distributivity

Generalizing self-distributivity?

We have seen:
❀ braided object V in a symmetric category ; VBn y V⊗n;
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We want: a notion of rack in a symmetric category C such that
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Generalizing self-distributivity?

We have seen:
❀ braided object V in a symmetric category ; VBn y V⊗n;
❀ rack (X ,�) ; braided object

(
X , σSD(a, b) = (b, a�b)

)
in Set.

We want: a notion of rack in a symmetric category C such that
❀ C = Set ; one recovers the usual notion of rack;
❀ the braiding σSD generalizes to some σCSD .

Problem: (a�b)� c = (a� c)� (b� c) ⇒ need a “diagonal map” ∆.
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We have seen:
❀ braided object V in a symmetric category ; VBn y V⊗n;
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(
X , σSD(a, b) = (b, a�b)

)
in Set.

We want: a notion of rack in a symmetric category C such that
❀ C = Set ; one recovers the usual notion of rack;
❀ the braiding σSD generalizes to some σCSD .

Problem: (a�b)� c = (a� c)� (b� c) ⇒ need a “diagonal map” ∆.

Solutions:

1 Carter-Crans-Elhamdadi-Saito, ’08: work in an additive category C,
e.g., C = Coalgk (a global ∆);

2 L., ’13: include ∆ in the structure of categorical rack (a local ∆).
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Categorical self-distributivity

Racks in a symmetric category

Fix a symmetric category C.
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A rack in C is an object V ∈ Ob(C) equipped with morphisms
�, �̃ : V ⊗ V → V , ∆ : V → V ⊗ V , and ε : V → I, s.t.

� and ∆ satisfy the categorical self-distributivity:
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�

V V V

�

�

∆

�

V V V
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Categorical self-distributivity

Racks in a symmetric category

Fix a symmetric category C.

Definition

A rack in C is an object V ∈ Ob(C) equipped with morphisms
�, �̃ : V ⊗ V → V , ∆ : V → V ⊗ V , and ε : V → I, s.t.

� and ∆ satisfy the categorical self-distributivity:

=�

�

V V V

�

�

∆

�

V V V

c

∆ is coassociative central-cocommutative;

� respects ∆ (in the braided bialgebra sense);

ε is a right counit;

�̃ is the twisted inverse of �.
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Categorical self-distributivity

Categorical racks: examples

category ∆ (CSD) cat. rack

Set a 7→ (a, a) (a�b)� c = (a� c)� (b� c) ❀ usual rack
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Categorical self-distributivity

Categorical racks: examples

category ∆ (CSD) cat. rack

Set a 7→ (a, a) (a�b)� c = (a� c)� (b� c) ❀ usual rack

Remark: Take a linearization kS of a set S , and a linearization ∆ of the
map S ∋ a 7→ (a, a). Suppose that R = (kS ,∆,�) is a rack in Vect.
Then, for any a, b ∈ S , one has a�b ∈ S

∐
{0} (R is “almost a

linearization of a usual rack”).
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Categorical self-distributivity

Categorical racks: examples

category ∆ (CSD) cat. rack/shelf

Set a 7→ (a, a) (a�b)� c = (a� c)� (b� c) ❀ usual rack

Vect v 7→ 1⊗v (v �w)�u = v � (w �u) ❀ ass. algebra

Vect v 7→ 1⊗v v � (w �u) = (v �w)�u ❀ Lie algebra
+v⊗1 −(v �u)�w
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❀ usual racks and Lie and Hopf algebras are particular cases of
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Categorical racks: examples

category ∆ (CSD) cat. rack/shelf

Set a 7→ (a, a) (a�b)� c = (a� c)� (b� c) ❀ usual rack

Vect v 7→ 1⊗v (v �w)�u = v � (w �u) ❀ ass. algebra

Vect v 7→ 1⊗v v � (w �u) = (v �w)�u ❀ Lie algebra
+v⊗1 −(v �u)�w

❀ Hopf algebra in Vect.

Remark: Vect can be replaced with any (preadditive) symmetric category.

Conclusion:
❀ usual racks and Lie and Hopf algebras are particular cases of
categorical racks;
❀ associative algebras are particular cases of categorical shelves.
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Categorical self-distributivity

Braiding for categorical racks

Proposition: A rack (V , �, �̃, ∆, ε ) in C
; a braided object (V , σCSD) in C:

σCSD =
∆

�
c
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Braiding for categorical racks

Proposition: A rack (V , �, �̃, ∆, ε ) in C
; a braided object (V , σCSD) in C:

σCSD =
∆

�
c

Examples:

category ∆ alg. structure σCSD

Set a 7→ (a, a) usual rack σSD : (a, b) 7→ (b, a�b)

Vect v 7→ 1⊗v ass. algebra σAss : v⊗w 7→ 1⊗(v �w)

Vect v 7→ 1⊗v Lie algebra σLie : v⊗w 7→ 1⊗(v �w)
+v⊗1 +w⊗v
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Categorical self-distributivity

Braiding for categorical racks

Proposition: A rack (V , �, �̃, ∆, ε ) in C
; a braided object (V , σCSD) in C:

σCSD =
∆

�
c

Applications:

1 VB
(+)
n y V⊗n.
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Applications:

1 VB
(+)
n y V⊗n.

VBn C rack in C

Sn-part (ζi ) global braiding c•,• cV ,V

Bn-part (σi ) local braiding σV involves � and ∆
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Categorical self-distributivity

Braiding for categorical racks

Proposition: A rack (V , �, �̃, ∆, ε ) in C
; a braided object (V , σCSD) in C:

σCSD =
∆

�
c

Applications:

1 VB
(+)
n y V⊗n.

VBn C rack in C

Sn-part (ζi ) global braiding c•,• cV ,V

Bn-part (σi ) local braiding σV involves � and ∆

; A motivation for choosing a global ∆.
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Categorical self-distributivity

Braided homology

Take a braided object (V , σV ) in a symmetric category C.
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Categorical self-distributivity

Braided homology

Take a braided object (V , σV ) in a symmetric category C.

Definitions:

(Right) braided module over (V , σV ): (M, ρ : M ⊗ V → M ) s.t.

ρ

ρ

M V V

=
ρ

ρ

M V V

σV
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Categorical self-distributivity

Braided homology

Take a braided object (V , σV ) in a symmetric category C.

Definitions:

(Right) braided module over (V , σV ): (M, ρ : M ⊗ V → M ) s.t.

ρ

ρ

M V V

=
ρ

ρ

M V V

σV

Examples: ❀ For a rack V in C, (V ,�) is a r. br. mod. over (V , σCSD).

= =

❀ For σSD , σAss , σLie , one recovers usual notions of modules.
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Categorical self-distributivity

Braided homology

Take a braided object (V , σV ) in a symmetric category C.

Definitions:

(Right) braided module over (V , σV ): (M, ρ : M ⊗ V → M ) s.t.

ρ

ρ

M V V

=
ρ

ρ

M V V

σV

Coalgebra structure for (V , σV ): V
∆
→ V ⊗ V s.t.

= = =
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Categorical self-distributivity

Braided homology

Take a braided object (V , σV ) in a symmetric category C.

Definitions:

(Right) braided module over (V , σV ): (M, ρ : M ⊗ V → M ) s.t.

ρ

ρ

M V V

=
ρ

ρ

M V V

σV

Coalgebra structure for (V , σV ): V
∆
→ V ⊗ V s.t.

= = =

Example: for an associative algebra V , ∆ : v 7→ 1⊗v is a coalgebra
structure for (V , σAss).
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Categorical self-distributivity

Braided homology

Theorem (L., ’13)

Take a braided object (V , σV ) in a symmetric preadditive category C, and
braided modules (M, ρ : M ⊗ V → M ) and (N, λ : V ⊗ N → N ) over it.

1 One has a bidifferential complex (M ⊗ T (V )⊗ N, •δ, δ• ).

•δ =
∑

(−1)i

ρ
σ

σ

1
...

i
... n

V ... VM N

δ• =
∑

(−1)i
λ

σ

σ

1
...

i
... n

V ... VM N

Victoria LEBED (OCAMI) Categorical virtuality 27 / 32



Categorical self-distributivity

Braided homology

Theorem (L., ’13)

Take a braided object (V , σV ) in a symmetric preadditive category C, and
braided modules (M, ρ : M ⊗ V → M ) and (N, λ : V ⊗ N → N ) over it.

1 One has a bidifferential complex (M ⊗ T (V )⊗ N, •δ, δ• ).

•δ =
∑

(−1)i

ρ
σ

σ

1
...

i
... n

V ... VM N

δ• =
∑

(−1)i
λ

σ

σ

1
...

i
... n

V ... VM N

2 If ∆ is a coalgebra structure for (V , σV ), then
∑

i si is a morphism of
bidifferential complexes.

si = ∆

i

V ... VM N
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Categorical self-distributivity

A homology theory for categorical racks

Proposition: A rack V in C ; a braided object (V , σCSD) in C.

Applications:

2 A (co)homology theory for categorical racks.
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Categorical self-distributivity

A homology theory for categorical racks

Proposition: A rack V in C ; a braided object (V , σCSD) in C.

Applications:

2 A (co)homology theory for categorical racks.

alg. structure σCSD braided homology

usual rack σSD : (a, b) 7→ (b, a�b) 1-term distributive,
rack, quandle

ass. algebra σAss : v⊗w 7→ 1⊗(v �w) bar, Hochschild

Lie algebra σLie : v⊗w 7→ 1⊗(v �w) Chevalley-Eilenberg
+w⊗v
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Categorical self-distributivity

A homology theory for categorical racks

Proposition: A rack V in C ; a braided object (V , σCSD) in C.

Applications:

2 A (co)homology theory for categorical racks.

alg. structure σCSD braided homology

usual rack σSD : (a, b) 7→ (b, a�b) 1-term distributive,
rack, quandle

ass. algebra σAss : v⊗w 7→ 1⊗(v �w) bar, Hochschild

Lie algebra σLie : v⊗w 7→ 1⊗(v �w) Chevalley-Eilenberg
+w⊗v

; A unification of different algebraic (co)homology theories.
; Graphical tools in homology.
; A conceptual interpretation of quandle cocycle invariants.

Victoria LEBED (OCAMI) Categorical virtuality 28 / 32



A categorical interpretation of branched braids

Knotted trivalent graphs

3-graphs Importance:

❀ handlebody-knots;
❀ foams (categorification,

3-manifolds);
❀ form a finitely presented algebraic

system (B knots do not).
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A categorical interpretation of branched braids

Knotted trivalent graphs

3-graphs

L.H. Kauffman, S. Yamada,
D.N. Yetter, ’89:

Importance:

❀ handlebody-knots;
❀ foams (categorification,

3-manifolds);
❀ form a finitely presented algebraic

system (B knots do not).

3-graphs ∼= Diagrams
/

RI-RVI

RIV
←→

RVI
←→

RV
←→

Victoria LEBED (OCAMI) Categorical virtuality 29 / 32



A categorical interpretation of branched braids

Branched braids in Topology

closure

? 3-graphs
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A categorical interpretation of branched braids

Branched braids in Topology

closure

Branched braids

Here we work with oriented poleless 3-graphs:

only zip and unzip vertices.
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A categorical interpretation of branched braids

Branched braids in Topology

closure

Branched braids

Here we work with oriented poleless 3-graphs:

only zip and unzip vertices.

Branched braids ∼= Diagrams
/

RII-RVI
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A categorical interpretation of branched braids

Branched Alexander-Markov theorem

closure

Branched braids

Theorem (K. Kanno - K. Taniyama, ’10; S. Kamada - L., ’14)

❀ Surjectivity.
❀ Kernel: moves M1 and M2.

B

B ′

M1
←→

B ′

B

B

M2
←→

B

M2
←→

B
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A categorical interpretation of branched braids

Branched Alexander-Markov theorem

closure

Branched braids

Theorem (K. Kanno - K. Taniyama, ’10; S. Kamada - L., ’14)

❀ Surjectivity.
❀ Kernel: moves M1 and M2.

Generalizations:

❀ Graph-braids (vertices of arbitrary valence).
❀ Virtual and welded versions.
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A categorical interpretation of branched braids

Branched braids and Category Theory

Theorem

Denote by BAC the free braided category generated by a commutative
co-commutative algebra-coalgebra object (V , µ,∆).
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understood here in the braided sense: µ = µ ◦ cV ,V , ∆ = cV ,V ◦∆.)

Victoria LEBED (OCAMI) Categorical virtuality 32 / 32



A categorical interpretation of branched braids

Branched braids and Category Theory

Theorem

Denote by BAC the free braided category generated by a commutative
co-commutative algebra-coalgebra object (V , µ,∆). ((Co)commutativity is
understood here in the braided sense: µ = µ ◦ cV ,V , ∆ = cV ,V ◦∆.)
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Denote by BAC the free braided category generated by a commutative
co-commutative algebra-coalgebra object (V , µ,∆). ((Co)commutativity is
understood here in the braided sense: µ = µ ◦ cV ,V , ∆ = cV ,V ◦∆.)
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∼
−→ EndBAC(V

⊗n)

cV ,V µ ∆
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←→
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A categorical interpretation of branched braids

Branched braids and Category Theory

Theorem

Denote by BAC the free braided category generated by a commutative
co-commutative algebra-coalgebra object (V , µ,∆). ((Co)commutativity is
understood here in the braided sense: µ = µ ◦ cV ,V , ∆ = cV ,V ◦∆.)
Denote by BBn the monoid of branched braids with n ends on the top and
on the bottom. Then

BBn
∼
−→ EndBAC(V

⊗n)

cV ,V µ ∆

co-commutativity ⇐⇒ RV
←→

Corollary: for any commutative co-commutative algebra-coalgebra object
(V , µ,∆) in a braided category C, one has BBn y V⊗n.
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