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‘Part 1:

How a Knot Theorist
Would Invent Qualgebras



1926 K. Reidemeister:

- )
i



Quandle colorings

Knot diagrams: from illustration to manipulation

1926 K. Reidemeister:

Knots = Diagrams

/ R-moves

Reidemeister moves:
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Quandle colorings

Knot diagrams: from illustration to manipulation

1926 K. Reidemeister:

~ Diagrams
T /R—moves

Combinatorial knot invariants:
Diagrams ————— something
i / 7

Diagrams / .
-moves

Knots =
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Quandle colorings

Quandles as an algebraization of knots

colorings

\ by (S,<)

a<ib
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\ colorings
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Quandle colorings

Quandles as an algebraization of knots

a b

\ colorings
N (9
a<ib

RIII < (a<b)<c=(a<c)<(b<c) (SD)
RII « (a<b)Ab=a=(adb)<b (Inv)
RI < a<a=a (Idem)
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Quandle colorings

Quandles as an algebraization of knots

a b

\ colorings
K by (S, <)
a<b
RIIl < (a<b)<c=(a<c)<(b«c) (SD) Quandle
RII « (a<b)Ab=a=(adb)<b (Inv) (1982 D. Joyce,
RI — a<a=a (Idem) S. Matveev)
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Quandle colorings

Quandles as an algebraization of knots

a b

y
b

colorings

by (5,<)

RIII < (a<b)<ic=(a<ic)<(b<c) (SD) Quandle
RII « (a<b)Ab=a=(adb)<b (Inv) (1982 D. Joyce,
RI — a<a=a (Idem) S. Matveev)
knot invariants “ 2 5 quandle
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Quandle colorings

Quandles as an algebraization of knots

a b

\ colorings
N (9
a<b
RIII < (a<b)<ic=(a<ic)<(b<c) (SD) Quandle
RII « (a<b)Ab=a=(adb)<b (Inv) (1982 D. Joyce,
RI — a<a=a (Idem) S. Matveev)
: Example
knot invariants “ 2 & quandle Group G ~

Conj(G)=(G,g<th=h"lgh).
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Quandle colorings

Quandles as an algebraization of knots

\ colorlngs
by Conj(G

RIII — (a<b)<c=(a<ic)<(b<c) (SD) Quandle
RII < (a<b)db=a=(adb)<b (Inv) (1982 D. Joyce,
RI < a<a=a (Idem) S. Matveev)

. Example
knot invariants “ =& quandle Group G ~

Conj(G)=(G,g<th=h"lgh).
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Quandle colorings

Quandles as an algebraization of knots

Wirtinger %l _p colorings by Conj(G)

\ COIO”ngS presentation: gac[j' !
by Conj(G Rep(m1(R3\K), G)
RIII — (a<b)<c=(a<ic)<(b<c) (SD) Quandle
RII < (a<b)db=a=(adb)<b (Inv) (1982 D. Joyce,
RI < a<a=a (Idem) S. Matveev)
. Example

knot invariants “ =& quandle Group G ~

Conj(G)=(G,g<th=h"lgh).
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Qualgebra colorings

Knotted 3-valent graphs

Standard and Kinoshita- Terasaka ©-curves:

Importance:

O handlebody-knots;
O foams (categorification, 3-manifolds);
O form a finitely presented algebraic system (A\ knots do not).
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Qualgebra colorings

Reidemeister moves for 3-graphs

1989 L.H. Kauffman, S. Yamada, D.N. Yetter:
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Qualgebra colorings

Reidemeister moves for 3-graphs

1989 L.H. Kauffman, S. Yamada, D.N. Yetter:

Combinatorial graph invariants: Diagrams —— something
i N
3-Graphs ~ Diagrams/ RLRVI
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Qualgebra colorings

Reidemeister moves for 3-graphs

1989 L.H. Kauffman, S. Yamada, D.N. Yetter:

Combinatorial graph invariants: Diagrams —— something
i N
3-Graphs ~ Diagrams/ RLRVI

Question: How to extend quandle colorings to 3-graphs?
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Qualgebra colorings

Quandle colorings for 3-graphs

generalizations:

0 )i G is a group; G-family of quandles (2012
a b atlptlctl=1 Ishii-lwakiri-Jang-Oshiro),
multiple conjugation quandle
(2013 A. Ishii)
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Qualgebra colorings
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generalizations:

0 G is a group; G-family of quandles (2012
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multiple conjugation quandle

(2013 A. Ishii)

a vertex constant version
of 1 (R3\T)
(1995 C. Livingston)

G is a group;
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Qualgebra colorings

Quandle colorings for 3-graphs

generalizations:

0 G is a group; G-family of quandles (2012
atlptlctl =1 Ishii-lwakiri-Jang-Oshiro),
multiple conjugation quandle
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a vertex constant version
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Qualgebra colorings

Quandle colorings for 3-graphs

generalizations:

G is a group; G-family of quandles (2012

atlptlctl =1 Ishii-lwakiri-Jang-Oshiro),
multiple conjugation quandle
(2013 A. Ishii)

a vertex constant version

Xl G is a group; of w1 (R3\I)
. . 3 _ ..
1 21 a’=1 (1995 C. Livingston)

“ . . (2007
a* S is a symmetric quandle; .
Fleming-Mellor)
41 21 Vx ((x<a)<a)<da=x
)i S is a quandle; (I\/2IO}\|0iebrzy
+1 +1 +1 . _ : -
a b V x, ((X<] a)< b)<l cC=X dOWSki)
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Well-oriented 3-graphs: only zip Y and unzip A vertices.
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Qualgebra colorings

Orientation

Well-oriented 3-graphs: only zipY and unzip A vertices.

Proposition: Every 3-graph admits a well-orientation.

Unoriented 3-graph — { its well-orientations }.
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Qualgebra colorings

Orientation

Well-oriented 3-graphs: only zipY and unzip A vertices.

Proposition: Every 3-graph admits a well-orientation.
Unoriented 3-graph — { its well-orientations }.

Side question: # { well-orientations of T'} 7
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Qualgebra colorings

Orientation

Well-oriented 3-graphs: only zipY and unzip A vertices.

Proposition: Every 3-graph admits a well-orientation.
Unoriented 3-graph — { its well-orientations }.
Side question: # { well-orientations of T'} 7

Theorem (A. Ishii): all well-orientations are connected by single-edge
orientation switches.
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Qualgebra colorings

Qualgebras as an algebraization of 3-graphs
a b a b axb

colorings Y Y A
by (S, <, *)
’ a\< b axb

a
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Qualgebra colorings

Qualgebras as an algebraization of 3-graphs
a b a b axb

colorings Y Y A
by (S, <, *)
’ a\<l b axb

bxc
bic--ai(bxc)
RIV < a<(bxc)=(a<b)<c
RVI «— (axb)<c=(axc)<(bx*c)
RV < axb=bx(a<b)
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Qualgebra colorings

Qualgebras as an algebraization of 3-graphs
a b a b axb

colorings Y Y A
by (S, <, *)
’ a\<l b axb

RIV « a<(bxc)=(a<ab)<c Quandle Algebra

RVI < (axb)<c=(axc)<(bxc)
RV — axb=bx(a<b)

Qualgebra
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Qualgebra colorings

Qualgebras as an algebraization of 3-graphs

a b a b axb

colorings Y Y A
by (S, <, *)
’ a\<l b axb

a

RIV — a<(bxc)=(a<ab)<c & , Quandle  Algebra
RVI — (axb)<c=(axc)<(bxc) (Inv),
RV < axb=bx(a<b) (Idem) Qualgebra

‘ - lori
3-graph invariants L qualgebra
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Qualgebra colorings

Qualgebras as an algebraization of 3-graphs

a b a b axb

colorings Y Y A
by (S, <, *)
’ a\<l b axb

a

RIV — a<(bxc)=(a<ab)<c & , Quandle  Algebra
RVI — (axb)<c=(axc)<(bxc) (Inv),
RV < axb=bx(a<b) (Idem) Qualgebra

‘ - lori
3-graph invariants L qualgebra

Example
Group G ~ QA(G)=(G,g<<h=h"tgh, g*h=gh). J
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Qualgebra colorings

Qualgebras as an algebraization of 3—graphs
axb

colorlngs \
by (S,<, *)

a<b axb a

orings

3-graph invariants il qualgebra

Example

Group G ~ QA(G)=(G,g<h=h"1gh, g+ h=gh).

Wirtinger a colorings by QA(G)
presentation: g, !

Rep(m1(R3\T), G)
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Qualgebra colorings
Computation example

Isosceles colorings:
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Qualgebra colorings
Computation example

Isosceles colorings:

X X X * X

OkT
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Qualgebra colorings

Computation example

X X X * X

—~~

>*

N
—_———
O O L
I n

Victoria LEBED (OCAMI, Osaka)

x<(y*y)=y<x,
xy = y<(x *x),
(yxy)<x=(x*x)y.

Qualgebras

OkT
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Qualgebra colorings

Computation example

X X X * X

OkT

b x<y = y<(x *x),
c (yxy)<ax=(x=x)y.
Qualgebra (Sy, g <<h=h"'gh, g« h=gh).

a = x<(yxy)=y<x,
(*){
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Qualgebra colorings

Computation example

X X X * X

OkT

o
Il

x<y = y<(x *x),
(y*y)<ax=(x*x)y.
Qualgebra (S;, g<th=h"1gh, g h=gh).

Solutions: x =y and x =(123),y =(432) and ...

a = x<(yxy)=y<x,
(*){

9}
I
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Qualgebra colorings

Computation example

X X X * X

OkT

o
Il

x<y = y<A(x * x),
(y*y)<x=(x*x)y.

Qualgebra (S;, g<th=h"1gh, g h=gh).
Solutions: x =y and x =(123),y =(432) and ...

#Col &(Ost) =S4 #Col 5°(OkT) > #54

a = x<(yxy)=y<x,
(*){

9}
I
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‘Part 2:

How an Algebraist
Would Invent Qualgebras



Group G ~ group qualgebra QA(G)=(G,g<th=h"1gh,g+h=gh). I




Qualgebras and groups

Group qualgebras

Example 1
Group G ~ group qualgebra QA(G)=(G,g<th=h"1gh,g+h=gh). J
abstract level | quandle axioms specific qualgebra axioms
topology moves RI-RIII moves RIV-RVI
groups conjugation conjugation-multiplication interaction
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topology moves RI-RIII moves RIV-RVI
groups conjugation conjugation-multiplication interaction

Quandle axioms = all properties of conjugation.
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Qualgebras and groups

Group qualgebras

Example 1

Group G ~ group qualgebra QA(G)=(G,g<th=h"1gh,g+h=gh).

J

abstract level

quandle axioms

specific qualgebra axioms

topology

moves RI-RIII

moves RIV-RVI

groups

conjugation

conjugation-multiplication interaction

Quandle axioms = all properties of conjugation.

/\ Qualgebra axioms = all properties of conjugation/multiplication

interaction.
(b<a)x(a<tb)=((ab)<a)*b
in QA(G): a~tbab lab=athab lab
in free qualgebras : false
Victoria LEBED (OCAMI, Osaka) Qualgebras
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Qualgebras and groups

Other qualgebra examples
Example 1
Group G ~ group qualgebra QA(G)=(G, g<th=h"'gh, g« h=gh).

Example 1/
Group G & X c G ~ the sub-qualgebra of QA(G) generated by X.
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Example 1/
Group G & X c G ~ the sub-qualgebra of QA(G) generated by X.
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Qualgebras and groups

Other qualgebra examples

Example 1

Group G ~ group qualgebra QA(G)=(G,g<th=h"1gh, g« h=gh).

Example 1/

Group G & X c G ~ the sub-qualgebra of QA(G) generated by X.
E.g., Nc QA(2Z).
Remark: For finite G, sub-qualgebra = sub-group.

Example 0

Trivial qualgebra (S, a<ib=a, axb), where * is commutative.
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Qualgebras and groups

Other qualgebra examples

Example 1
Group G ~ group qualgebra QA(G)=(G,g<th=h"1gh, g« h=gh).

Example 1/

Group G & X c G ~ the sub-qualgebra of QA(G) generated by X.
E.g., Nc QA(2Z).
Remark: For finite G, sub-qualgebra = sub-group.

Example 0

Trivial qualgebra (S, a<ib=a, axb), where * is commutative.
~» Abstract graph invariants.
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More examples

An infinite family of exotic examples

Example S,

Set X & commutative operation x & zero element 0 (0% x =x%0=0)
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More examples

An infinite family of exotic examples

Example S,
Set X & commutative operation x & zero element 0 (0xx=x%*0=0) ~
Qx,n={((x1,.--,xn),8) €X™"x S, ’x,- = xj =0 whenever g(i) = with i #},
(x.6)<(v,h)=(x-h,h™'gh),
(x.8) * (¥, h) = (x*y,gh)

is a qualgebra.
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Qx,n={((x1,.--,xn),8) €X™"x S, |x,~ = xj =0 whenever g(i) = with i #},
(x.6)<(v,h)=(x-h,h™'gh),
(x.8) * (¥, h) = (x*y,gh)

is a qualgebra.
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An infinite family of exotic examples

Example S,
Set X & commutative operation x & zero element 0 (0xx=x%*0=0) ~
Qx,n={((x1,.--,xn),8) €X™"x S, |x,~ = xj =0 whenever g(i) = with i #},
(x.6)<(v,h)=(x-h,h™'gh),
(x.8) * (¥, h) = (x*y,gh)

is a qualgebra.
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An infinite family of exotic examples

Example S,
Set X & commutative operation x & zero element 0 (0xx=x%*0=0) ~
Qx,n={((x1,.--,xn),8) €X™"x S, |x,~ = xj =0 whenever g(i) = with i #},
(x.6)<(v,h)=(x-h,h™'gh),
(x.8) * (¥, h) = (x*y,gh)

is a qualgebra.

E.g., Xo={0,a}, ax;a=0o0r axpa=a, n=2, S, ={ld, 1},

Qx,,2 = {((x1,%2),1d) [ x1, 2 € X2} [ ] {((0,0),7)},
#Qx,2=5

~ two 5-element qualgebras.
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More examples

An infinite family of exotic examples

Example S,
Set X & commutative operation x & zero element 0 (0xx=x%*0=0) ~
Qx,n={((x1,.--,xn),8) €X™"x S, |x,~ = xj =0 whenever g(i) = with i #},
(x.6)<(v,h)=(x-h,h™'gh),
(x.8) * (¥, h) = (x*y,gh)

is a qualgebra.

E.g., Xo={0,a}, ax;a=0o0r axpa=a, n=2, S, ={ld, 1},

Qx,,2 = {((x1,%2),1d) [ x1, 2 € X2} [ ] {((0,0),7)},

#Qx,2=5
~ two 5-element qualgebras.
O Commutative. O Associative.

[0 Not cancellative = do not come from groups:

((0,0),‘[)*,’((X1,X2),|d):((0,0),‘[), I':1,2‘
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Size <3: only trivial qualgebras. I




More examples

Towards a classification

Example 3

Size <3: only trivial qualgebras.

Example 4

Non-trivial qualgebra structures on @ ={p,q,r,s}:
put p=q,gq=p,r=r,s=s;
x<r=X, x <y =x for other y;

* is commutative, X*y=Xx%*y,
rxx=r for x#r,

rsr=s*xs=p*q=s, p*p,p*s€Eip,q,s}
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Example 4
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* is commutative, X*y=Xx%*y,
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x<r=X, x <y =x for other y;

* is commutative, X*y=X*y,
rxx=r for x#r,
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More examples

Towards a classification

Example 3

Size <3: only trivial qualgebras.

Example 4

Non-trivial qualgebra structures on @ ={p,q,r,s}:
put p=q,gq=p,r=r,s=s;
x<r=X, x <y =x for other y;

* is commutative, X*y=Xx%*y,
rxx=r for x#r,

rsr=s*xs=p*q=s, p*p,p*s€Eip,q,s}
~ 3 %3 =09 structures.
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More examples

Towards a classification

Example 4
Non-trivial qualgebra structures on @ ={p, q,r,s}:
put p=q,q=p,r=r,s=s;
x<r=X, x <y =x for other y;
* is commutative, X*y=X%}y,
rxx=rfor x#r,
rer=s¥s=pxq=s,  p*p,p*Seip,q,s}
~>  3%3=9 structures.
[0 Not cancellative = do not come from groups.

[0 Two are associative (sub-qualgebras of Qx,2: omit ((a,a),ld)).
[0 Three have neutral elements, none are unital associative.

Question: Continue the classification.
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More examples

Computation example

Standard and Hopf cuff graphs:

#Col g(Cst) =#{(a,b,c)e Qlbxa=a,bxc=c}=18
#Col @(CH) =#1{(a,b,c)eQlbxa=a<c, bxc=c<a}=
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Question: How far qualgebras are from groups?



Question: How far qualgebras are from groups?

Step 1: inversion.



Symmetric qualgebras

Qualgebras with inversion

Question: How far qualgebras are from groups?

Step 1: inversion.

Good involution: p:5— S s.t.

p(p(a))=a Symmetric Symmetric
p(a)<b=p(a<ib) quandle qualgebra
a<ip(b)=a<b (1996
(axb)xp(b)=p(b)*(bxa)=a S. Kamada)

Victoria LEBED (OCAMI, Osaka)
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Symmetric qualgebras

Qualgebras with inversion

Question: How far qualgebras are from groups?

Step 1: inversion.

Good involution: p:5— S s.t.

p(p(a))=a Symmetric Symmetric
p(a)<b=p(a<ib) quandle qualgebra
a<ip(b)=a<b (1996
(axb)xp(b)=p(b)*(bxa)=a S. Kamada)

Example

Group G ~ QA*(G)=(G,g<h=h"'gh,gh=gh, p(h)=h1).
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Symmetric qualgebras

Qualgebras with inversion

Question: How far qualgebras are from groups?
Step 1: inversion.

Good involution: p:5— S s.t.

p(p(a))=a Symmetric Symmetric
p(a)<b=p(a<ib) quandle qualgebra
a<ip(b)=a<b (1996
(axb)xp(b)=p(b)*(bxa)=a S. Kamada)

Example

Group G ~ QA*(G)=(G,g<h=h"'gh,gh=gh, p(h)=h1). J

Properties:

0 Maps a— ax*b and a— b= a are bijections
~> * is a Latin square (= pseudo-sudoku).

O p is defined uniquely.

Victoria LEBED (OCAMI, Osaka) Qualgebras 18 / 35



Question: When are qualgebra invariants independent of orientations?



Symmetric qualgebras

Topological motivation

Question: When are qualgebra invariants independent of orientations?
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Topological motivation

Question: When are qualgebra invariants independent of orientations?

1 — Tp(a)

p(p(a))=a Symmetric Symmetric
p(a)<b=p(a<ib) quandle qualgebra
a<ip(b)=a<b (1996
(axb)xp(b)=p(b)*(bxa)=a S. Kamada)
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Symmetric qualgebras

Topological motivation

Question: When are qualgebra invariants independent of orientations?

1 — Tma)

p(p(a))=a
p(a)<tb=p(a<b)
a<ip(b)=a<b

(axb)*p(b)=p(b)*(bxa)=a

Symmetric Symmetric
quandle qualgebra
(1996

S. Kamada)

abstract level

good involution axioms

topology

unoriented 3-graphs

groups conjugation- and multiplication-inversion interactions

Victoria LEBED (OCAMI, Osaka)
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Symmetric qualgebras

Symmetric qualgebras: examples

Example 0

Symmetric trivial qualgebras «——  Latin squares which
[J are symmetric w.r.t. the main diagonal, and
O contain a row o € Bij(S) iff contain a row o~ 1.
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Symmetric qualgebras

Symmetric qualgebras: examples

Example 0

Symmetric trivial qualgebras «——  Latin squares which

[ are symmetric w.r.t. the main diagonal, and

0 contain a row o € Bjj(S) iff contain a row o7 L.

Example 3

S={x,y,z}, a<ib=a, * is commutative.

* | X y z * | x y z * | x y z
X|x y z X|x z vy X|ly x z
yly z x ylz y x ylx z vy
z|lz x y z|ly x z z|z y x
o ‘ X z y plx y =z plx y =z
hd
Z/37 not groups
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Symmetric qualgebras

Symmetric qualgebras: examples

Example 4

[0 Non-trivial qualgebras: not symmetric (<= not cancellative).
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Symmetric qualgebras

Symmetric qualgebras: examples

Example 4

[0 Non-trivial qualgebras: not symmetric (<= not cancellative).

(1 Trivial qualgebras:

S|X < N I |3

x | X y z w

X|x y z w

yly z w x

2z w ox y — QA(z/4z)

wiw X Y 2 QAZ/zxz/2Z)-

plx w z y
x | Xy z w *
x|z y x w X
yly z w x y
z|x w z vy not z
wl|lw x y z groups w
plx w z y 3

Victoria LEBED (OCAMI, Osaka)

Qualgebras

XIN S %X|[%x|®IT NS Xx|=*

< s N ox << [X[T NS Xx|x

N|X < N SINIS|IN T X <IN

S|I< X S N|[S|IN|X X T N[N
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Question: How far qualgebras are from groups?



Question: How far qualgebras are from groups?

Step 2: associativity (for *).



Symmetric qualgebras

Associative qualgebras

Question: How far qualgebras are from groups?

Step 2: associativity (for *).

( symmetric qualgebras w
groups qualgebras

associative qualgebras
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S,<) be qualgebraized into (S,<,*)?
Right translations T,:a— a<lb.
Properties (quandle case):

@ Tp is an automorphism of the quandle (S, <).
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S,<) be qualgebraized into (S,<,*)?
Right translations T,:a— a<lb.
Properties (quandle case):

@ Tp is an automorphism of the quandle (S, <).

@ Tb|5b =1Id, where S}, is the sub-quandle of S generated by b.
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S,<) be qualgebraized into (S,<,*)?
Right translations T,:a— a<lb.
Properties (quandle case):

@ Tp is an automorphism of the quandle (S, <).
(6] Tb|5b =1d, where Sj, is the sub-quandle of S generated by b.
@ One has a quandle morphism

T:(S,<) — Conj(Aut(S)),

b— Tp.
That is, Tpae= T2 TpTe .
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S,<) be qualgebraized into (S,<,*)?
Right translations T,:a— a<lb.
Properties (quandle case):
@ Tp is an automorphism of the quandle (S, <).
@ Tb|5b =1Id, where S}, is the sub-quandle of S generated by b.
@ One has a quandle morphism
T:(S,<) — Conj(Aut(S)),
b— Tp.
That is, Tpac= T2 T, T, .

@ T(S) is a sub-quandle of Conj(Aut(S))
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S, <) be qualgebraized into (S,<,*)?

Right translations T,:a— a<ib.
Properties (qualgebra case):

@ Tp is an automorphism of the qualgebra (S, <, *).
] Tb|5b =Id, where S, is the sub-qualgebra of S generated by b.
@ One has a qualgebra morphism
T:(S5,<,%)— QA(Aut(S)),
b— Tp.
Thatis, Tpae= T, TpTe and Tpuc = Tp Te.
@ T(S) is a sub-qualgebra of QA(Aut(S))
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S, <) be qualgebraized into (S,<,*)?

Right translations T,:a— a<ib.
Properties (qualgebra case):

@ Tp is an automorphism of the qualgebra (S, <, *).

] Tb|5b =Id, where S, is the sub-qualgebra of S generated by b.
@ One has a qualgebra morphism
T:(S5,<,%)— QA(Aut(S)),
b— Tp.
Thatis, Tpqc = Tc_l TpTcand Tpue=TpTe.
@ T(S) is a sub-qualgebra of QA(Aut(S))
~»  necessary qualgebraizability condition.
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S,<) be qualgebraized into (S,<,*)?
Right translations T,:a— a<ib.
Properties (qualgebra case):

@ Tp is an automorphism of the qualgebra (S, <, *).
] Tb|5b =Id, where S, is the sub-qualgebra of S generated by b.
@ One has a qualgebra morphism
T:(S5,<,%)— QA(Aut(S)),
b— Tp.
Thatis, Tpqc = Tc_l TpTcand Tpue=TpTe.
@ T(S) is a sub-qualgebra of QA(Aut(S))
~»  necessary qualgebraizability condition.

Question: A good qualgebraizability criterion?
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Qualgebraizability

From quandles to qualgebras: examples

Non-uniqueness

Trivial quandle (S, a<1b=a) & any commutative * ~» qualgebra.
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Qualgebraizability

From quandles to qualgebras: examples

Non-uniqueness

Trivial quandle (S, a<1b=a) & any commutative * ~» qualgebra.
n(n+1)

#S=n ~» n 2z qualgebraizations:

n=2: 8 qualgebraizations (4 equivalence classes);

n=3: 729 qualgebraizations (129 equivalence classes).
Question: Count qualgebraizations up to qualgebra isomorphism?

Non-existence

Alexander quandle (M, a<b=aa+(1-a)b), MegrMod, a€R*.
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Qualgebraizability

From quandles to qualgebras: examples

Non-uniqueness

Trivial quandle (S, a<1b=a) & any commutative * ~» qualgebra.
n(n+1) ) )
#S=n ~» n 2z qualgebraizations:
n=2: 8 qualgebraizations (4 equivalence classes);
n=3: 729 qualgebraizations (129 equivalence classes).

Question: Count qualgebraizations up to qualgebra isomorphism?

Non-existence

Alexander quandle (M, a<b=aa+(1-a)b), MegrMod, a€R*.
Qualgebraizable < trivial (a =1) (= To0Tpe T(M)).
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Qualgebraizability

From quandles to qualgebras: examples

Non-uniqueness

Trivial quandle (S, a<1b=a) & any commutative * ~» qualgebra.
n(n+1)

#S=n ~» n 2z qualgebraizations:

n=2: 8 qualgebraizations (4 equivalence classes);

n=3: 729 qualgebraizations (129 equivalence classes).
Question: Count qualgebraizations up to qualgebra isomorphism?

Non-existence

Alexander quandle (M, a<b=aa+(1-a)b), MegrMod, a€R*.
Qualgebraizable < trivial (a =1) (= To0Tpe T(M)).

Uniqueness

QA(S,) is the unique qualgebraization of Conj(S,) (<= T is injective).
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Qualgebraizability

From quandles to qualgebras: examples

Size 3
@ Trivial quandle: 129 qualgebraizations.
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From quandles to qualgebras: examples

Size 3
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@ Alexander quandle (Z/3Z,a<1b=2b—a): no qualgebraizations.

~»  Fox colorings are not extensible to 3-graphs.
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@ Trivial quandle: 129 qualgebraizations.

@ Alexander quandle (Z/3Z,a<1b=2b—a): no qualgebraizations.

~»  Fox colorings are not extensible to 3-graphs.

@ Q' ={pq,r}, p<r=q, g<r=p, x<y =x otherwise.
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Qualgebraizability

From quandles to qualgebras: examples

Size 3
@ Trivial quandle: 129 qualgebraizations.

@ Alexander quandle (Z/3Z,a<1b=2b—a): no qualgebraizations.

~»  Fox colorings are not extensible to 3-graphs.
@ Q' ={pq,r}, p<r=q, g<r=p, x<y =x otherwise.
T(Q)=1{ld,(pg)} < Aut(Q’) = S3 is a sub-qualgebra,
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From quandles to qualgebras: examples

Size 3
@ Trivial quandle: 129 qualgebraizations.

@ Alexander quandle (Z/3Z,a<1b=2b—a): no qualgebraizations.
~»  Fox colorings are not extensible to 3-graphs.

@ Q' ={pq,r}, p<r=q, g<r=p, x<1y =x otherwise.
T(Q")={ld,(pq)} cAut(Q’) = S; is a sub-qualgebra,
/\ but Q' is not qualgebraizable:
r«rfixedby T, = rxr=r = T,=T,.,=T,T,=1Id, contradiction.

Size 4
Quandle @: 9 qualgebraizations.

Victoria LEBED (OCAMI, Osaka) Qualgebras 25 / 35



Qualgebraizability

From quandles to qualgebras: examples

Size 3
@ Trivial quandle: 129 qualgebraizations.

@ Alexander quandle (Z/3Z,a<1b=2b—a): no qualgebraizations.
~»  Fox colorings are not extensible to 3-graphs.
@ Q' ={pq,r}, p<r=q, g<r=p, x<1y =x otherwise.
T(Q")={ld,(pq)} cAut(Q’) = S; is a sub-qualgebra,
/\ but Q' is not qualgebraizable:
r«rfixedby T, = rxr=r = T,=T,.,=T,T,=1Id, contradiction.

Size 4

Quandle @: 9 qualgebraizations.
A\ lts sub-quandle Q' is not qualgebraizable.
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‘Part 3:

Variations of

Qualgebra Ideas



Branched braids

Alexander-Markov theorem

\% closure T \

AS &S

Theorem (1923 Alexander; 1935 Markov)

O Surjectivity.
0O Kernel: moves M1 and M2.
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Knot invariants out of braid invariants:

Braids ————— something

7
-
-
-
-

Knots ~ Braids / ML M2



Knot invariants out of braid invariants:

Braids ————— something

7
-
-
-
-

Knots ~ Braids / ML M2

1925 E. Artin: ds = Diagrams h



Branched braids

Braid and knot invariants

Knot invariants out of braid invariants:

Braids ————— something
| a
Knots ~ Braids / ML M2
Combinatorial braid invariants:
Braid diagrams ———— something

7
—
—
P
—~
—~

Braids = Diagrams [ piRim
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Branched braids

Braid and knot invariants

Combinatorial braid invariants:

Braid diagrams ——— something

7
—~
—
—~
—~
—~

. ~ Diagrams
Braids = '2grams [ R

Many knot invariants adapt to the braid case, with possible enhancements.

Example: quandle invariants.
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Branched braids
Braid and knot invariants
Combinatorial braid invariants:

Braid diagrams ——— something

i _ 7
. ~ Diagrams
Braids = 819MS / RILRII

Many knot invariants adapt to the braid case, with possible enhancements.

Example: quandle invariants.
[0 Weaker structure: rack (= quandle without a<ia=a) <= no RL
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Branched braids

Braid and knot invariants

Combinatorial braid invariants:

Braid diagrams ——— something

7
—~
—
—~
—~
—~

. ~ Diagrams
Braids = 2872MS [ prRII

Many knot invariants adapt to the braid case, with possible enhancements.

Example: quandle invariants.
[0 Weaker structure: rack (= quandle without a<ia=a) <= no RL
[0 Operator invariants instead of counting invariants:
braids with n strands — Aut(5™"),

B+— ( colors of upper arcs — colors of lower arcs ).

Victoria LEBED (OCAMI, Osaka) Qualgebras 28 / 35



Question: : A closure procedure for 3-graphs?



Branched braids
Branched Alexander-Markov theorem

Question: : A closure procedure for 3-graphs?

closure ‘. ..
Branched {Q\/ /
braids
\ TN
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Branched braids

Branched Alexander-Markov theorem

Question: : A closure procedure for 3-graphs?

closure ‘. ..
Branched (Q\/ / S
braids

Theorem (2010 K. Kanno - K. Taniyama; 2014 S. Kamada - L.)
[0 Surjectivity.
O Kernel: moves M1 and M2.
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Branched braids

Branched Alexander-Markov theorem

branched braids %% 3-graphs

Theorem (2010 K. Kanno - K. Taniyama; 2014 S. Kamada - L.)
O Surjectivity.
O Kernel: moves M1 and M2.

\ /
!
6| (5] (5] (5]
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Branched braids

Branched Alexander-Markov theorem

branched braids %% 3-graphs

Theorem (2010 K. Kanno - K. Taniyama; 2014 S. Kamada - L.)
[0 Surjectivity.
[0 Kernel: moves M1 and M2.

Generalizations

[0 Graph-braids (vertices of arbitrary valence).
O Virtual and welded versions.
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3-Graph invariants out of B-braid invariants:

B-braids ————— something

7
—~
—~
—~
—
—

3-Graphs = B—braids/ M1 M2



Branched braids

Branched braid and 3-graph invariants
3-Graph invariants out of B-braid invariants:
B-braids—> something

7
—
—
—
—~
—~

3-Graphs = B—braids/ ML M2

Combinatorial B-braid invariants:
B-braid diagrams ——— something
| -

B-braids = Diagrams / RII-RVI
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Branched braids

Branched braid and 3-graph invariants

3-Graph invariants out of B-braid invariants:
B-braids—> something

7
—
—
—
—~
—~

3-Graphs = B—braids/ ML M2

Combinatorial B-braid invariants:

B-braid diagrams ——— something

-
—~
-
-
—
—~

B-braids = Diagrams / RILRVI

— lori :
B-braid invariants "<~ > weak qualgebra (omit a<ta=a)
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. R-move
diagrams: D T~ D,

colorings: € s €',
coloring sets: Col 5(D) 2, Col s(D").



Cocycle invariants

Getting more out of qualgebra colorings

diagrams: p Rmove D',
colorings: € ~ ¢’
coloring sets: Col s(D) LN Col s(D").

Counting invariants:
#Cols(D) = #Cofs(D,).
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Cocycle invariants

Getting more out of qualgebra colorings

diagrams: p Rmove D',
colorings: € ~ ¢’
coloring sets: Col s(D) LN Col s(D").

Counting invariants:
#Cols(D) = #Cofs(D,).
Question: Extract more information?
w(€)= w(<€ ')»
|<€€C0[5 D)} |(€,€C0[5 D)}
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Cocycle invariants

Getting more out of qualgebra colorings

diagrams: p Rmove D',
colorings: € ~ ¢’
coloring sets: Col s(D) LN Col s(D").

Counting invariants:
#Cols(D) = #Cofs(D,).

Question: Extract more information?
w(€)=w(¥E'),
{w(€)|€ccols(D)} ={w(€")|€ €cols(D")}.

Inspiration: Quandle cocycle invariants of knots (1999 Carter-
Jelsovsky-Kamada-Langford-Saito).

Victoria LEBED (OCAMI, Osaka) Qualgebras
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Cocycle invariants

Qualgebra cocycle invariants for 3-graphs

a<lb axb a

b
/ (a,b) \77 -x(a,b) *[:»JL a,b) YH—JL(a,b)
< b a axb
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Cocycle invariants

Qualgebra cocycle invariants for 3-graphs

b a<b axh a

a b b
b\/Hx(a, b) \/f ~1(a,b) A; Mab) Y/~ -Aab)
\ v
a<ib a a axb
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Cocycle invariants

Qualgebra cocycle invariants for 3-graphs

a\ b ba/ﬁb axb a b
%Hx(ayb) /\;—x(a,b) &Hm,b) ~-A(a.b)
a<lb a a ax*b
a b C a ybc
\t — |x(be)
_ - RVIZ b<c
/1(8, b) s b o )((a,c)
x(axb,c)|—— \ A2 (— -Ma<ic,b<c)
c (axb)<c ¢ (a<c)*(b<c)

RIV — y(a,bxc)=y(a,b)+x(a<b,c)
RVI —« y(axb,c)+Aa<dc,b<c)=yx(ac)+yx(bc)+A(ab)
RV « x(ab)+A(a,b)=A(b,a<b)

Victoria LEBED (OCAMI, Osaka) Qualgebras
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Cocycle invariants

Qualgebra cocycle invariants for 3-graphs

a\ b ba/ﬁb axb a b
%Hx(ayb) /\;—x(a,b) &Hm,b) ~-A(a.b)
a<lb a a ax*b
a b C a ybc
\t — |x(be)
_ - RVIZ b<c
/1(3, b) s b o X(a,C)
x(axb,c)|—— \ A2 (— -Ma<ic,b<c)
c (axb)<c ¢ (a<c)*(b<c)

RIV — y(a,bxc)=y(a,b)+x(a<b,c)

RVI —« y(axb,c)+Aa<dc,b<c)=yx(ac)+yx(bc)+A(ab)
RV —  y(ab)+A(a b) = A(b,a<b) 2-cocycle

RI-RIII are automatic.

Qualgebra
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Cocycle invariants

Qualgebra cocycle invariants for 3-graphs

b a<b axh a

b
/ (a,b) \77 -x(a,b) *[;»JL a,b) YH -A(a, b)
< b a axb

RIV <~ x(a,bxc)=x(ab)+y(a<ibc)
RVI = y(a*b, c)+/1(a<c b<ic)=yx(ac)+x(b,c)+A(ab) Cz?ua/geblra
RV — y(a,b)+A(a,b)=A(b,a<ib) -cocycle
RI-RII are automatic.

—
3-graph invariants " qualgebra & 2- or 3-cocycle
weights
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Cocycle invariants

Qualgebra cocycle invariants for 3-graphs

b a<b a*xb a

b
/ (a,b) \77 -x(a,b) Aj;»)t a,b) YH -A(a, b)
< b a axb

RIV — y(abxc)=yx(a,b)+x(a<ib,c)
RVI —  y(asbh, C)M(MC bac)=y(ac)+ (b c)+A(a,b) é’”"’gebl’a
RV —  x(ab)+A(a,b) = A(ba<ib) Teoeyete
RI-RIII are automatic.

—
3-graph invariants " qualgebra & 2- or 3-cocycle
weights

Qualgebra cocycle invariants > qualgebra counting invariants.
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Qualgebra 2-coboundaries:
¢:S—=7 ~ yx(ab)=¢(a<ab)—¢(a), ~>  trivial
A(a,b) = ¢p(a) + p(b) — p(axb) graph invariants



Cocycle invariants
Towards qualgebra cohomology

Qualgebra 2-coboundaries:
¢$:S—7Z ~ x(ab)=¢(a<b)-¢(a), ~>  trivial
Ma, b) = ¢(a) +p(b) —p(ax* b) graph invariants

Question: : Define and study qualgebra cohomology in higher degrees?
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Cocycle invariants
Towards qualgebra cohomology

Qualgebra 2-coboundaries:
¢$:S—7Z ~ x(ab)=¢(a<b)-¢(a), ~>  trivial
Ma, b) = ¢(a) +p(b) —p(ax* b) graph invariants

Question: : Define and study qualgebra cohomology in higher degrees?
Solution: for rigid qualgebras ( — rigid 3-graphs, i.e., omit RV).
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Cocycle invariants

Towards qualgebra cohomology

Qualgebra 2-coboundaries:
¢$:S—7Z ~ x(ab)=¢(a<b)-¢(a), ~>  trivial
Ma, b) = ¢(a) +p(b) —p(ax* b) graph invariants
Question: : Define and study qualgebra cohomology in higher degrees?
Solution: for rigid qualgebras ( — rigid 3-graphs, i.e., omit RV).
Cf. the cohomology of multiple conjugation quandles (Carter-Ishii-
Saito-Yang).
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Cocycle invariants

Towards qualgebra cohomology

Qualgebra 2-coboundaries:
¢$:S—7Z ~ x(ab)=¢(a<b)-¢(a), ~>  trivial
Ma, b) = ¢(a) +p(b) —p(ax* b) graph invariants

Question: : Define and study qualgebra cohomology in higher degrees?
Solution: for rigid qualgebras ( — rigid 3-graphs, i.e., omit RV).

Cf. the cohomology of multiple conjugation quandles (Carter-Ishii-
Saito-Yang).
Enhancements

0 Region coloring and shadow cocycle invariants «~ qualgebra 3-cocycles.
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Cocycle invariants

Towards qualgebra cohomology

Qualgebra 2-coboundaries:
¢$:S—7Z ~ x(ab)=¢(a<b)-¢(a), ~>  trivial
Ma, b) = ¢(a) +p(b) —p(ax* b) graph invariants
Question: : Define and study qualgebra cohomology in higher degrees?
Solution: for rigid qualgebras ( — rigid 3-graphs, i.e., omit RV).
Cf. the cohomology of multiple conjugation quandles (Carter-Ishii-
Saito-Yang).

Enhancements
0 Region coloring and shadow cocycle invariants «~ qualgebra 3-cocycles.
[J Distinguish zip- and unzip-vertices:

axb a b

*b — A(a, b) Y — Y (a,b)

axb
Victoria LEBED (OCAMI, Osaka) Qualgebras 33 /35




Cocycle invariants

Qualgebra cocycles: example

Example 4

Q=1{pq,r,s}

0 z%(Q)=27°8
0 B*(Q)=z*
0 HX(Q)=z/2zez*

Victoria LEBED (OCAMI, Osaka)

P=9,9=pr=rs=s;
x<dr=X, x <y = x for other y;
* is commutative, X*y=X%*y,

rxx=rfor x#r,

rxr=s*s=pxq=s, p*p,p*seip,q,s}

Qualgebras

34 /35



E23HYMNES




	Quandles as an algebraization of knots
	Qualgebras: extending quandle colorings to 3-graphs
	Qualgebras: an abstraction of the conjugation-multiplication interaction in a group
	``Non-group-like'' qualgebras
	Getting closer to groups
	From quandles to qualgebras
	Weak qualgebras and branched braids
	Towards qualgebra cohomology

