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(General notations and definitions
[n a picture: A set-theoretic solution is called:
A set-theoretic solution (X, r) is a set X and a map X x X — X x X such that \/ \ < o left non-degenerate, it A, is bijective for all x € X,
(r x idx)(idx x r)(r x idx) = (idx X r)(r X idx)(idx X r). \ \ e right non-degenerate, if p, is bijective for all x € X,
Denote 7(x, y) = (A:(y), py()). L ) \ e non-degenerate, if (X, r) is both left and right non-degenerate,
\ /\ e bijective (resp. involutive), if r is bijective (resp. involutive).

Derived Structure monoid

Finite non-degenerate solution (X, r):>

T ) = (T Ty = Yo, \x)) . Y
A(X,7) = (z € X | ay = yo,(2)) g

X
4

e A(X,r) is central-by finite,
e A(X,r) is cancellative iff A(X,r) is free abelian,

e KA(X,

r) is Noetherian, PI and finite GKdimension.

Finite left non-degenerate solution (X, r):

Let X =

{x1,....,x,} and v € Z~( s.t. ¢ is idempotent for all x € X.

e A(X,r) is finite left module over

B = A(Y7 SY) — <y1 — V1, ey Yn = ’UCCn>

Denote t. = y1 + ... + Y, kK € 5, and B,i(m = <y,{(z> | 1 <1< k>

® By, + K(t)) is commutative.

Denote By, = Uyeg, B, + (k)

e B, C B, UB,_ 1 C...C Bisan ideal chain of B.
Let K be any field, each factor of the ideal chain

K

1S a Noet.

B, C K|B,|+ K|B,1]C..C K|[B,|+ ..+ K[B;| C K|B]

herian left K| B] module and a sum of commutative rings.

Conclusion:

KAX,r

) is a left Noetherian, Pl-algebra of finite GKdimension.
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Structure monoid
MX,r)=(xe X |zy=wvifr(z,y) = (u,v)) .

Finite non-degenerate solution (X, r):>*

o M (X, r) is abelian-by-finite

o M (X, r) is cancellative iff r is involutive

e KM (X,r) is Noetherian, PI and finite GKdimension.

Finite left non-degenerate solution (X, r):

o Structure of M (X, r) is current joint work with
Colazzo, Jespers, Kubat and Verwimp.

Challenges and approaches:

e | here exists a semigroup embedding

p: M(X,r)— AX,r) x (N |2z € X),

with ¢(x) = (z, A;). Denote the projection m : M(X,r) — A(X,r).

T

e The square map x — A '(x) may be non-bijective.

T

e T here does not always exist an € Z~ s.t.

)\7T_1<TL$) — id]W(X,?“) -

Y B-semitrusses

Definition:
(B,+,0, A, 0) is a YB-semitruss, if, for any a,b,c € B,

e (B,+) and (B, o) are semigroups with a o b = a + A,(b),
o\ € Aut(B,+) and Audy = Aot

ea+b=>b+oya), o, € End(B,+) and o, = 00,
*0),()Aa(b) = Aaoc(D)

An example is M (X, r) for a left non-degenerate solution!

Y B-semitrusses govern left non-degenerate solutions:
e A LND solution (X, r) has an associated YB-semitruss M (X, r),

e Any YB-semitruss B has an associated LND solution on B.

We classified the Y B-semitrusses with left simple semigroup

C(X,r)= (o, |z € X).

Important result:
The following are equivalent for a finite LND solution (X, r):

e the solution (X, r) is right non-degenerate,

e the solution (X, r) is bijective.

Castelli, Catino and Stefanelli* already showed that
finite bijective LND solutions are right non-degenerate.
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