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0 Previously...

Data: set S, σ : S×2 → S×2.

Yang–Baxter equation (YBE)

σ1σ2σ1 = σ2σ1σ2 : S
×3 → S×3 σ1 = σ× IdS, σ2 = IdS×σ

The two-step approach (Drinfel ′d 90’):

Step 1. Classify set-theoretic solutions (called braided sets).

Step 2. Study their deformations:

braided sets
linearise deform

linear solutions.
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1) Describe deformations: σ0 ; σ0 +  hσ1 +  h2σ2 + · · · .
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; Boltzmann weight Bφ(C) =
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y ′

x
x ′
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φ(x, y) −
∑

x

y ′

y

x ′

φ(x, y).

φ a 2-cocycle =⇒ a knot invariant given by

{Bφ(C) | C is a (S, σ)-colouring of D }.
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➺ associative structures,

➺ Lie algebras,
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4) Compute the Hochschild cohomology of kMon(S, σ) (an associative

algebra associated to (S, σ); more on this tomorrow!).
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Theorem: ➺ dn+1dn = 0;

Hn(S, σ;M) = Kerdn/ Imdn−1 is the nth cohomology group of

(S, σ) with coefficients inM;

➺ for “nice”M, a cup product ⌣ : Hn ⊗Hm → Hn+m; . . .
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4) �antum symmetriser QS:

braided cohomology of (S, σ)

with coefs inM

cup product

smaller complexes

QS
←−

Hochschild cohomology of

kMon(S, σ) with coefs inM

cup product

tools

QS is an isomorphism when

➺ σσ = Id and Chark = 0 (Farinati & García-Galofre ’16);

➺ σσ = σ (L. ’16).

Applications: factorisable groups, Young tableaux.

Open problem: How far is QS from being an iso in general?



From now on, we concentrate on the cohomology of self-distributive
structures. Much of what we will see works for any braided set, or
even any linear YBE solution.



You Could Have Invented SD

Cohomology If You Were...
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�andle cocycle invariants ! counting invariants.

Example: S = {0, 1}, a � b = a,

φ(0, 1) = 1 and φ(a, b) = 0 elsewhere.
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�andle cocycle invariants:
{

ωφ(C)
∣∣C ∈ ColS,�(D)

}

.

Conjecture (Clark–Saito–. . . ):

Finite quandle cocycle invariants distinguish all knots.

Generalisation: Kn →֒ Rn+2 and φ : S×(n+1) → Zm.

Wish:

dn+1φ = 0 =⇒ φ refines counting invariants for n-knots,

φ = dnψ =⇒ the refinement is trivial.
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Examples:

✓ group algebras kG;

✓ enveloping algebras of Lie algebras U(g);

✓ quantum groups: deformations Uq(g) for semisimple g,

............
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YBE solution (CS, σ�,φ) ;rack (S,�) & φ : S× S→ Zm

σ�,φ : (a, b) 7→ qφ(a,b)(b, a � b)

Here q is anmth root of unity, or transcendental.

Wish:

d2φ = 0 =⇒ (CS, σ�,φ) is a braided vector space,

φ− φ ′ = d1ψ =⇒ the braided vector spaces are isomorphic.
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1) Simple racks, i.e., without non-trivial quotients:
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✓ Alexander (= affine) racks S = Zpk , a � b = ta+ (1− t)b,

p prime, t generates Zpk over Zp;

✓ certain twisted conjugacy racks: subracks of (G , a � b = f(b−1a)b),

G a group, f ∈ Aut(G), |S| divisible by > 2 different primes.
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1) Simple racks, i.e., without non-trivial quotients:

✓ permutation racks S = Zp, a � b = a+ 1, p prime;

✓ Alexander (= affine) racks S = Zpk , a � b = ta+ (1− t)b,

p prime, t generates Zpk over Zp;

✓ certain twisted conjugacy racks: subracks of (G , a � b = f(b−1a)b),

G a group, f ∈ Aut(G), |S| divisible by > 2 different primes.

;

repeated extensions

2) Indecomposable (= connected) racks, i.e., having only 1 orbit w.r.t. �.

;
(various!) glueings

3) General racks.
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where X is a set, and α : S× S× X× X→ X satisfies certain axioms.
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If S is indecomposable, then R ∼= S×α X, which is S× X with

(a, x) � (b, y) = (a � b,α(a, b, x, y)),

where X is a set, and α : S× S× X× X→ X satisfies certain axioms.

Important class: abelian rack extensions, i.e., with X an abelian group and

α(a, b, x, y) = x+ φ(a, b), φ : S× S→ X.

Wish:

d2φ = 0 =⇒ φ defines an abelian extension,

φ = d1ψ =⇒ the extension is trivial.
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Fenn et al. ’95 & Carter et al. ’03 & Graña ’00:

Shelf (S,�) & abelian group X ; cochain complex

Ck
R (S,X) = Map(S×k, X),

(dkR f)(a1, . . . , ak+1) =

k+1
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(−1)i−1(f(a1, . . . , âi, . . . , ak+1)

− f(a1� ai, . . . , ai−1� ai, ai+1, . . . , ak+1))

; Rack cohomology Hk
R (S,X) = KerdkR / Imd

k−1
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This is what we were looking for! This construction yields:

✓ Boltzmann weights for constructing higher knot invariants;

✓ an important class of braided vector spaces giving nice Hopf algebras;

✓ a parametrisation of abelian rack extensions.



8 Topological realisation

Fenn–Rourke–Sanderson ’95:

Shelf (S,�) ; rack (= classifying) space B(S). It is a CW-complex:
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Nosaka ’11: To get quandle cohomology, add 3-dimensional cells bounding

a

a

a

a
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So, rack spaces bring topological tools in the study of H∗
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✓ π1(B(S)) ∼= As(S) where As(S) := 〈S |ab = b (a � b)〉 is the

associated (= adjoint = structure = universal enveloping) group of (S,�).
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✓ Rack cohomology becomes a pre-cubical cohomology, i.e.,

dkR =

k+1
∑

i=1

(−1)i−1(dki,0 − dki,1), di,εdj,ζ = dj−1,ζdi,ε for all i < j.

✓ Concrete computations (Fenn–Rourke–Sanderson ’07):

1) Trivial quandle Tn = ({1, . . . , n} , a � b = a): B(Tn) ∼= Ω(∨nS
2).

2) Free rack on n generators FRn: B(FRn) ∼= ∨nS
1.



9 Graphical interpretation

Ck
R (S,Zm) = Map(S×k,Zm),

(dkR f)(a1, . . . , ak+1) =

k+1
∑

i=1

(−1)i−1(f(a1, . . . , âi, . . . , ak+1)

− f(a1� ai, . . . , ai−1� ai, ai+1, . . . , ak+1))

f

•

=
∑

(−1)i−1
(

ak+1 ak+1

ai+1

...

ai+1

ai

...

a1

f

•

−
)

ak+1

a1�ai

ai−1�ai

...

ai−1

ai

...

a1



10 Cup product

⌣ : Ck
R ⊗ C

n
R → Ck+n

R

g

f

ak+n

a1

·
·

·
f⌣ g(a1, . . . , ak+n) =

∑

spli�ings

(−1)
#
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Theorem:
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✓ (H∗

R ,⌣) associative, graded commutative;
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g

f

ak+n

a1

·
·

·
f⌣ g(a1, . . . , ak+n) =

∑

spli�ings

(−1)
#

Theorem:

✓ (C∗

R ,⌣) d.g. associative, graded commutative up to an explicit htpy;

✓ (H∗

R ,⌣) associative, graded commutative;

✓ even be�er: C∗

R dendriform, Zinbiel up to an explicit htpy.

Interpretations:

✓ quantum shuffle coproduct;

✓ topological cup product;

✓ cup product in cubical cohomology;

✓ shelf ; explicit d.g. bialgebra ; cohomology.

(Serre ’51, Baues ’98, Clauwens ’11, Covez ’12, L. ’17,

Covez–Farinati–L.–Manchon ’19.)



11 Be�i numbers

Ck
R (S,X) = Map(S×k, X),

(dkR f)(a1, . . . , ak+1) =

k+1
∑

i=1

(−1)i−1(f(a1, . . . , âi, . . . , ak+1)
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✓ Orb(S) = { orbits of S w.r.t. a ∼ a � b};
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∼= Map(Orb(S)×k, X) i.e., bk(S) = |Orb(S)|k

✓ Orb(S) = { orbits of S w.r.t. a ∼ a � b};

✓ Inn(S) is the subgroup of Aut(S) generated by tb : a 7→ a � b.

Bad news: If # Inn(S) ∈ X∗, then

quandle cocycle invariants = colouring invariants + linking numbers.

Solution: Take X = Zp, or the p-torsion of Hk
R (S,Z), where p | # Inn(S).



12 �andle cohomology vs rack cohomology

Ck
R (S,X) = Map(S×k, X),

Ck
Q (S,X) = { f : S×k → X | f(. . . , a, a, . . .) = 0 }

Theorem (Litherland–Nelson ’03): The rack cohomology of a quandle splits:

Hk
R
∼= Hk

Q ⊕H
k
D

Here Hk
D is the cohomology of an explicit degenerate subcomplex of Ck

R .
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13 �andle cohomology is a�illen cohomology

Szymik ’19



14 Rack cohomology vs group cohomology

The associated (= adjoint = structure = universal enveloping) group of (S,�):

As(S) := 〈S |ab = b (a � b)〉

Theorem (Joyce ’82): One has a pair of adjoint functors

As : Rack⇄ Group : Conj .
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The associated (= adjoint = structure = universal enveloping) group of (S,�):

As(S) := 〈S |ab = b (a � b)〉

Theorem (Joyce ’82): One has a pair of adjoint functors

As : Rack⇄ Group : Conj .

Theorem (Etingof–Graña ’03): H2
R (S,X)

∼= H1
G(As(S),Map(S,X)).

Theorem (García Iglesias & Vendramin ’16): For a finite indecomposable

quandle S,

H2
R (S,X)

∼= X× Hom(N(S), X).

Here N(S) is a finite group (the stabiliser of an a0 ∈ S in [As(S),As(S)]).

Theorem. There is a graded algebra morphismHH∗(As(S), X)→ H∗

R (S,X).

Interpretations:

✓ explicit map: quantum symmetriser (Covez ’12, Farinati & García

Galofre ’16);

✓ B(S)→ B(As(S)) (Fenn–Rourke–Sanderson ’95).
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