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The structure group of a braided set (S, σ):
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Structure monoids are defined similarly.

Examples:

✓ monoid (S, ∗, 1), σ(x, y) = (1, x ∗ y),

S ≃ Mon(S, σ)/1S = 1Mon
;

✓ Lie algebra (V, [ ], 1), σ(x⊗ y) = y⊗ x+  h1⊗ [x, y],

UEA(V, [ ]) ≃ kMon(S, σ)/1 = 1Mon
;

✓ shelf (S,�), σ(x, y) = (y, x � y),

Grp(S, σ) = Grp(S,�).
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Examples:

➺ trivial rep.: M = k, m · x = m;

➺ M = kMon(S, σ), m · x = mx;

➺ usual reps for monoids, Lie algebras, self-distributive structures.

Remark: The coefficients for yesterday’s cohomology theory are

(S, σ)-bimodules in this sense.
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Theorem: (S, σ) a “nice” finite braided set, σ2 = Id =⇒
✓ Mon(S, σ) is of I-type, cancellative, Ore;

✓ Grp(S, σ) is solvable, Garside, Bieberbach;

✓ kMon(S, σ) is Koszul, noetherian, Cohen–Macaulay,

Artin–Schelter regular

(Manin, Gateva-Ivanova & Van den Bergh, Etingof– Schedler–Soloviev,

Jespers–Okniński, Chouraqui, Bachiller–Cedó –Vendramin,. . . 80’-. . . ).
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Theorem: (S, σ) a “nice” finite braided set, σ2 = Id =⇒
✓ Mon(S, σ) is of I-type, cancellative, Ore;

✓ Grp(S, σ) is solvable, Garside, Bieberbach;

✓ kMon(S, σ) is Koszul, noetherian, Cohen–Macaulay,

Artin–Schelter regular;

✓ Grp(S, σ) is bi-orderable⇔ free abelian⇔ (S, σ) is trivial;

✓ Grp(S, σ) is le�-orderable⇔ poly-Z⇔ (S, σ) is MP.

(Manin, Gateva-Ivanova & Van den Bergh, Etingof– Schedler–Soloviev,
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Example: S = {a, b}, aa
σ
←→ bb, ab 	 σ, ba 	 σ;

Grp(S, σ) = 〈 a, b | a2 = b2 〉 =: G.

Realisation by Euclidean transformations of R2:

a ′

b
b = a ′ba ′

↓ a=a ′b

a2 = b2

R2/G ∼= Klein bo�le:
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dichotomy for G := Grp(S,�):

1 G ≃ Zr, r = #Orb(S,�);

2 G is non-abelian and has torsion, and

G is virtually free abelian:
0 −→ Zr −→ G −→ G −→ 0,

ei 7−→ xdi (finite)

=⇒ G is linear & residually finite.

�estions:

1 Characterise such racks?

2 Be�er understand such groups?
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1 Theorem (L.–Mortier ’19): Let (S,�) be a finite quandle.

✓ G := Grp(S,�) abelian =⇒ (S,�) abelian:

(x � y) � z = (x � z) � y

for JB: ⇐⇒ x � y = x � (y � z)

✓ (S,�) abelian =⇒

0 −→ [G,G] −→ G −→ Zr −→ 0,

(finite ab.)

✓ explicit parametrisation of such quandles;

✓ G abelian =⇒ no torsion in H2(S,�,M)

(abelian quandles may have torsion).



4 Associative invariants: SD case

A tool: For any finite rack, a map
r∏

i=1

Stab(xi,Grp(S,�)) ։ H2(S,�).

Example: (a, bc−1d) 7→

a
b

// a � b (a � b) ⊳̃ c
c

oo d
// ((a � b) ⊳̃ c) � d .
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Theorem (Soloviev & Lu–Yan–Zhu ’00, L.–Vendramin ’17):

✓ Birack (S, σ) ; its structure rack (S,�σ):

a
b

a �σ b

✓ This is a projection Birack ։ Rack along involutive biracks:

➺ �σ�
=�;

➺ �σ trivial ⇐⇒ σ2 = Id.

✓ The structure rack remembers a lot about the birack:

➺ (S,�σ) quandle ⇐⇒ (S, σ) biquandle;

➺ σ and �σ induce isomorphic Bn-actions on Sn

=⇒ same braid and knot invariants.

(S, σ) ≇ (S, σ ′) as biracks‼!
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